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FOREWDRn " ^ 

V This publication is a revision of the 1959 teaching guide for 10th . 
year ma^ematics, ^he, original guide was issued to help teachers implei- 
ment the nathematics 10 section of the 1957 version of the New York State 
Syllabus — Mathenatics 10-11-12 , Every teachel? of 10th* year mathanatics • 
should have a copy of this State Syllabus, - ' * 

The anpects in which the preseitb edition differs from the original 
are as follows: f ' 



1, The introduction has been rewritten, / 



2. The scope of content has been omitted. (For scope, see New Yoi^k 
State Syllabus—Mathematics 10"I1-'12 ,) 

3. Many alternate sequejices are suggested in the t^ct of the guide. 
(See also page 6 and the suggested time schedule which is there.) 

4. The introductory lessons have been rewritten. ' * 

5. The .initi^S.l>itroduction of coordinate geometry has been expanded 
in a separat^ chapter to present i€^s a separate postulational 
system. - ■ ' 

6. The unit on circles precedes the unit on similarity, 

7. ^A new approach to the unit on ,area has been developed, • 

8. Tlie ui>it on regular polygons has been rewritten, 

9. A completely revised \init on ineciualities' has been developed, 

10, Many small errors have been corrected, 

11, To increase the precision of language arid thought processed 
this publication refers to concepts and matheiyiatic^l notation 
recommended by the School Mathematics Study Group (S,M,S,G,) 
and the University of Illinois Committee on School Mathematics 
(U,I.C,S,M,). 

. 12, Provision for enrichmeht- has been* included. In particular, the 
last chapter sugg6st^ places and methods for integrating plane 
and solid geometry. 

This publication is reissued to meet the contiruing needs of the high 
schools. A program of revision is currently being carried on \sy the. State 
ancTthe City which will eventually result in new syllabus material, 

JOSEPH 0, LORETAN . 
Deputy Stiperint'endent of Schools 



July, 1964 -• . , 
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INTRODUCTION ... ' 



The giilde off<9ra approaches which will clarify the/ tenth year part of the 
State l^llabuB, Mathematics 10^11-12 , and euggestq teaching .proceduree 
for achieving the objectives ^f that syllabus. By the end of this jea,t 
of mathematics^ the student should have a; clear understanding of the 
major methods of reasoning developed by . mankind - l) induction 



'2) ^deduction. The student^ should know that > both ^the inductive and de- 
ductive methods are essential to the progress of civilization. They . 
complaaent one another in helping man improve his understanding^ not 
only of his physical wbrld', but aliso of . his pjhilosophical world. The 
lessons in this guide . repind tlfe teache^ to liiake the distinct ioi^s between 
the two types of thinking frequently ard ^o test that understanding. The 
study of smaller sequences as stressej^ in the State ^Uabua is an import 
tant step toward the. better xinderstandiiig- of the deduAive process and 
. postialational systems. 

. In our IU12 mathematics courses, we are concerned with the. use of deductive ' 
proof in arithmetic and algebra, as well as ^in geometry. The feeling for- 
mathematical stru.ct\ire gained through a .postulational approach to arithme- 
tic and algebra can^nwike them irudh mors meaningful. However, it is still 
true that the ^udy 'of geometry in 'the Tenth Year can clartfV the essence 
of the two methods of i^easoning, as they complement one another, better than 
any pther single year of .nathematics, and,^ if well taught, can give the 
student a lasting concept long after he forgets the details of various 
theorems. , 

Inductive versus Deductive Thinkiiig 

1. The Source of Propositions 

Q 

In our K-9 classes^, students will have reached through measurement or 
inspiration, mar^y conclusions about the properties of geometric figures. 
These conclusions, and others arrived at quickly at the beginning of. eachj 
liew lesson, can now be labeled as propositions - that is, proposals for ' 

. investigation. The degree of validity of these proposals depends, wtien 
only inductive thinking is being done, on the randomness of the:> -sampling 
and the number of cases tried. There will be many opportunities in Tenth. 
Year Mathematics to reinforce the. understanding of the dangers of drawing 
conclusions from a pooriy cho'sen sample - the common error in reasoning 
ki^Jm as 'hasty g'eneralization ' . For escample, in the initial motivating 
exercise of a lesson on altitudes, a student dropped a perpendicular to 

.the base of an isosceles triangle and tb the base of an equilateral triangle. 
His 'discovery • was, "It seems as if the altitude of any triangle bisects. . 
the opposite side*" . ' ^ 



It is. suggested that, whatever the intuitiV^ method (measuring, coiinting, 
guessing) by which a proposition is obtained by the class, 'the conclusion 
be written: "It seems as if .'..'^ * 
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2. Dediiction* • ^ ^ ► ^ . 

■• ^ .. . ' ' ■ - ■ 

• On xhe contrary, deduction is* a process in which the validity of the 
conclusions does not, in an;^ sense, rdepend on the number of cases invesii- 
gated* The conclusions are as valid as the asstimptions (postulates) f rom ^ 
which they were deduce,d. IJie process of deduction, in which each statement 
is vallid bgcause the previous statement is valid, and so on bacjc^tp the 
unproved propositions (postulate^) is one whiich leads to confidence in the 

the 
the^ 

year, that jd^JTfefent sets of postulates lead to diffea:'ent sets of theorems* 
Each of these structures is as valid in the situation to whicl; it is to be ' 
applied as are the postulates in that situdtion, I^athematics do'es not deal 
with truth in th^e usual sense of the word, , , ' • . • 



'validity of one's conclusioni^^Li?( the degree that one has confidence in 
..validity of gne's postulates. Students should realize, by the end of t 



, A distinctiop should be made betweeu/postulatio geometry 'and phyjsical 
geometry. It is ^^pbrtant that st^udenis studi^ingMathem^itics 10 realize jtiie 
difference betweeigt the concept of a "plbiiit'* or a ''line" or a '^triangle" and 
the dot and ruler drawn "Line" or triangle the student sees on a blackboard, 
and a surveyor uses in„designing buildings or hifehways,. « • 

. / ■ ■ - > ' 

^en we begin with a set of undefined terms and a set of p6stulatei>, we 
are. C9nsidering "geometry" from a po.stxilational point of view, and are develop- 
ing .an ai)stract mathematical system, - * ' • * 

•When we u6e a blackboard &!• note^ok to make drawings of poifit5> lijjes, 
triangles or other geometric figuireVy^ we ar.e consiciei;lng a '»model" of an* 
a^bstract matheiAatical system. • ^ ^ * 

. ^ ' ,' 

Just as the fivmiber "two" is an abstract idea^ and the nimieral "2" is a 
symbol fot tfais idea, so a "l^Lne" is an/abstract idea and a " ^ " is* a ^symbol 

for this abstract idea. The student ^buld realize that the " " is not a^ 

"line" any more than "i^" isXfie nunil^.r "two*^,; ^ . • • 

• In. the tentJi year t-h is idea should be presented info rma3Jy onl;^, and 
ox:casionally' r^i^erred to, as« to^ example in the following situations: 

•, ' i / . ' 

How do you know ^at the^ bisector of an an^le of a triangle 
intersects tfie opposite ^ide at a point between the othei^ two 
/ vertices? See S.M.S.G., Geometry with Coordinates, peCrt I, 91» 

How dd^^u know that, the diagonjils of a\a rallel6^gram in1;.jf?rseot, 
arl^^ifythey do intersect, how do we know they iritersect inside the 
parallelogram? ' , . 

With respect to "betweenneas" the student should be told that Euclid did 
not consider thi^ concept, and that this was an error of omission. The* usua 
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"pix>of" that all triartglea are isosceles' can be shown after the pupil has 
developed sufficient .background to point up the need for consideration of or*- . 
der of points on a line. Th^ consequences .of disregarding the axioms on 
betwe^nness ia illustrated by such fam<Ai3 paradoxes as the one above, and 
by the , pi*oof that ah acute angle is equal to a right angle. And, in a bright 
. classj^ it can be proved that the diagonals of a parallelogram do intersect 
inside the parallelogram using , the ^parallel postulate, and postulates on 
betweenness. . ^ • 

For most^ classes, ^at least t^ie fact thai these are assumptions that we 
make should be emphasized. ''If the diagonals — — intersect, then they bisect 
each Qther" could be a wording used once or^twige to provide this emjrfiaaj'^.' 
Critical thinking is an important objective of Mathematics 10. While we do 
liot want to get involved in too much rigor, an appreciation of the deficiencies 
in Euclid's development of geometry is desirable. 

^ The set of postxilates used must be consistent (conclusions deduc€^ from the 
pbstulates should not be contradictory), and should ideally be independent 
: (no or^e postulate can be derivejl from the -others). These requirements will \ r 

gradually be appreciated by tha students,' even though in this coursaVith 
these young people, ±t is not desirable to limit the set of postulate? too 
jrigorously. Teachers will judge the extent to which they wish to be rigorous 
in their effort to minimize the number of propositions ■assumed by *th^ir classes 
by the quality of the response. Any decision to 'postulate' -a pi\:>posrtion, 
all year, should be made by the class keeping in mind the. meanings of and- reasons 
for using deductive thinking. ' - , ^ ' 

3 . Why deduction? 

In deductive thinking each proposition is presented for: , 

a) rejection, b) postiilation (assume it) or c) deduction (prove it). • 

Why does mankind want to rearrange propositions in a deductive sequence? , 
Students at first are just as convinced of the validity of the discovery thai ^ 
the sum of the, angles of arjy triangle seems to be a straight angle, which they 
reached by induction, as they are after the sequence starting with parallel 
ilines makes \hem able to d^uce the sam^ property. It l^akes pat||Lent,' dareful 
planning to reinforce the sophisticated reasons why the many ideas of man 
demand a rearrangement into poatxilational sequence. The common statements: 
"How do you know it is valid forr.the thousandth triangle?" or "You refaember in ^ . 

Geometry we alwaya prove everything." are ho£ very convincing! The real idea 
to be put acrx>ss is that deduction enables us to do two desirable things; 

a) In the set of discoveries 9f the scientisi from various types 

of experimental thinking, certain ideas often turn out to - « 
contradict others. These "contradictions are not noticed' unless 



the propositions/are rearranged so that a few (as few as possihle) ' 
are accepted as valid and all the others follow^from those few - * 
all others MUST be valid IF thostf few are. ^This idea is streng;th- 
en«Kl as we continue the course until students are anxious to 
deduce each new discovery from pr^^ousljr proven theorems instead 
of "postulating' it. For enrichment, with ^tter classes, these 
ideas can carry the student into stimulating r^earch, but even 
with normal classes, the teacher should continually call attention 
to what the c^ass is doing with various propositions • Otherwise 
* the students lose sight of the ^im "of the course in the miilti- . , ^ 

farious theoi'ems developed during the yeai*. The small sequences^ 
stressed in the State iSyllabus make this task more, feasible, but 
the teacher will find that a question such as, ''Iratt was the 
' podtulate; of our Area Sequence?" will produce an intelligent re^ • 
sponse only if the course is so ytaught, 

b) The other reason for rearranging id^as in a postulational sequence . 
is that many unexpected propositions are deduced from previously 
proven theoreiis and thus become theorems which wduld prbbably ; . 
not have been discovered indu^ively. Teachers should have a 
wealth of ,examples of this fact available, such as the deduction 

. of the existence of the planet Neptune. In plane geometiy, it " 
is unlikely that students would discover the constant product 
%3 a chord rotates about a fixed point in a circle, yet the 
proposition is an immediate deduction fi*om the simgllarity sequence* 
The fact that the sum of the squares of the legs is equal to the 
square of the hypotenuse \n any right triangle, would not be a ^ 
^ likely discovery ty students' without deduction, 

GENERAL TEACHING SUGGESTIONS 

1, What is an, "Informal" Proof ? • <^ 

' . ■ ■ « 

Frequent references wiH be made to this kind of proof. It is a deductive 
proof and carries all the 'authority of a "fotmal" deductive propf# The latter 
is characterized by the two-column arrangement in which each statement is suf>- 
ported by a reason. The' infomal proof has an essay fom in which statements 
are not always, supported by a stated reason, particularly vriien that reason 
shduld be obvious. Only the crucial steps need reason support. What constitute 
a crucial step will depend on the backgroiind of students' accompliehments^ This 
will have to be a matter for the teacher's' Judgment ♦ 

Inf/armal proofs are used to save the time usuall;^^ deVoted to either reciting 
or recording a proof formally. They are used only^ for such propositions *s 
are not classified as "required for Regents Examination Purposes." The . inf olTnal 
proof is particularly useful when several propositions are to be taught in one 
lesson, such as a set of corollaries for a theorem. ^ ^ 

2. Time Allotments foi^Xessons ' . * 

* ' i ' * 

It will be noted that the committee suggested how th^ syllabus^^ items may be 
organized into lessons. We caution the teacher not to bi too. rigid In adhering 
to our lesson divisions. These are only suggested and should, therefore, 
serVe only as a guide for the teacher. Natxu^ally,. the ttjacher's organization ^ 



of leeisonii will depend upon the interest and the ability of the students, 

3» Student-Teacher Interchanges 

In order to <^learly convey some teaching suggestions^ there are a nioiiber 
of accounts of teacher questions and student answers. These studcffit-teacher 
interchanges aite not intended to be a prediction of the answers v^'ich students 
wiil give, , Hov^e^ver, the impoT'tance of the interchange ±e in the cmes^ions 
asked by the teacher and should be read with this in mind, i 

Throughout the year tb€{ teacher should: 

" set up' a classroom situation in which questions are encouraged 
give students freedom and tiiae to think 

make clear through his questions the place .of that which is being 
considered in relation to previo\is and future learnings. 

k^ Notebook Lists ^ . • * 

As the content of Tenth Year Mathematics unfolds, the student will appreci- 
ate ttie fact that he is dealing with threp types of statements - definitions, 
postiilates, and theorems. He will learn to distinguish among the statements 
apd, furthermcire, find it necessary, from time to time to refresh* his memory 
concerning the status of a statment. For these reasons, it is advisable 
that the student kee^ a list of statements which he can consult « 

' . ' ./ . " 

- A section of the studeAt Is notebook may be devoted exclusively to each of 
the three categories. Each statement, as it is accepted, wi IJ. thus be 
corded iivv the appropriate section, Eacti ligt may be- divided into topical 
sections In accordance with those topics (congft^w^Qc, similarity,,,) dis- 
cussed in this publication.^ - "'"^-v^ 

An alternate method would be to record the statements under topics and 
identify each statement as a definition, postulate, or theorem. 

As students learn that theorems fxamish short cuts in. deductive preofs, * 
they will be interested in recording them as methods of deduction . When 
the teacher wishes to emj^iasize this use of a theorem, it may be done by 
asking students to record the theorems that could be used in deducing rela- 
tions such as the ^ollowi^g: ^ 

. Methods of deducing line segments are equal r 
Methods of deducing angles are equal ^ 
Methods of deducing angles a^e supplementary 
Methods of deducing lines are parallel 
Methods of deducing triangles are congruent 
Methods of deducing triangles are similar 
Methods of deducing triangles are equal 
Methodic of deducing ratios are equal 
Methods, of deducing products are equal 
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It is advisable to use the following form in listing these methods; 



To prove two angle's equal, show that - 

the angles' are opposite two equal sides of a triangle 

the anglee are inscribed in the same arc of a circle, etc. 

/• ■ ■ • 

Whenever a new method is derived/ it . should be added to the list. 

SUGGESTED TIME SCHEDULE aND ONE OF THE POSSIBLE BEftUENCES 

Topic Approximate Ntamber 

of Lessons 

Int^ductory Lessons 8 

Congruent Triangles and Constructions 17 

Parallel Lines 7 

Congruent Triangles Continued and Two Locus Theorems 6 

Quadrilaterals 9 

Introcluction to Coordinate Geometry- Another Postulational 

System 3 

Circles l6 

Similarity ' 12 

Mean Pro port?, onal and i^i:.hagorean Theorem 11 

Trigonomptiy and Slope . . ' - 7 

Area ^ 8 

Regular Polygons and Circles B ' 

Locus (Continued) 3 

Inequalities U 

*The 119 lessons do not include lessons for tests and review. 
Note : Alternate sequences are suggested throughout. For example, area before 
similarity, similarity before circles, inequalities after quadrilaterals, 
indirect x-easoning as. early as feasible, coordinaCte geometry after Pythagorean 
Theorem", are indicated as possibilities, each with its ow!i advantages. 
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THE INTRODUCTOHT LESSONS 



Lesson 1 

Aim : To intix)duce students to the purpose of teaching geometiy in the 
tenth year. To develop an appreciation of the need for careful 
definitions in deductive reasoning and to show the need for 
xihdefined terms. 

Development : 

It is assumed that tenth year students already have some knowledge 
of tlie ordinary daily uses of geometry learned in their 7th, 8th, and 
9th year iiBthenatios classes. A brief discussion may be presentj^d of 
the various needs for geometry (geo refers to earth, metry refers to 
measure) by surveyors, navigators, carpenters, plumbers^ machinists, 
• architects, builders, engineers, physKLcists arKi others • In addition, 
there are many phenomena in mture that require a knowledge of geometry 
in order^o understand them. Tnese inclixie eclipses of the s\m and 
moon,' and structures of crystals, molecules, and atoms. 

The teacher should inform pupils that in addition to acqui^ring knowledge 
of a body of . "facts," the principal aim of the course is to teach students 
methods of reasoning. Geometry is the simplest and most convenient ve*» 
hide for illustrating methbds of reasoning. (Jeometry uses a method of 
reasoning that is a model for philosophers, scientists, editolrial writers, 
statesmen and other sferious-minded people. This*" method (deductive) is 
used by them as a means of convincing others to share their opinions. 
It is the in which good lawyers argue thieir cases, or the good 
legislators argue for their proposals. It ±6 the method that Sherlock 
Holmes used to reach certain conclusions from Apparently trivial facts 

that he obseryed. As an illustration of deduction, say to the class 
of at least 32 pupils), "I am sure that in this class there are at 
least two of you whose birthday is on the .same day of the month - 10th, 
11th, etc." This will ci^te an enthusiasm for deduction in the class. 
The.^teacher should reinforce this interest by mentioning some l^ss 
elementaiy deductions, like the determinations of the weiglit of the 
'earth and the discovery by deduction of the existence of the planet, 
Neptune. 

Note that the method is important as a means of presenting proof, as 
well as a method for discovering-it . This aspect of the deductive 
method should be made clear to the student throughout the year. It 
is not enough to find a proof. It is also important to learn how to 
present it. ' ■ 

Now have the class consider some situation such as the following: Two 
students get into an argument over the statement, "All fish breathe 
under water," one arguing that /it is true and the other citing the 
fact that whales must surface to breathe as .evidence that 'it is false. 
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Some pupils will object that whales are mammals, not fish. Elicit frgif 
the class the statement that the word 'fish' must be carefully defined 
before we can consider the merits of the argument* Generalize this 
idea to devflbp the notion that logical reasoning requires veiy care- 
ful and precise definitions of any words which are used in the reason- 
ing process if one is to prevent misxinderstanding and also errors in 
reasoning* ' 

»• 

Elicit that words are defined in terms of other words* What must be 
true of these other words? Consider a dictionary which defines mar6h 
as swamp, swamp as bog, and' bog as mrsh. Would a person not knowing 
the meaning of any of these three words be helped by this dictionary? 
Is there any way out of this dilemma? Have the class realize that 
although the dictionary defines a large number of words, this number 
is finite, and therefore the situation described is unavoidable unless 
we wish to start with some words which we assume eveiybocly knows the 
meaning of. In a logical system, we must begin with certain \indefined 
terins which serve as the basis for defining other terms. 

What are some of the vindefined terns used in geometry? Present point, 
line and plane to the class as basic undefined terms. Discuss the 
"properties" of these elements and also tell pupils how their repre- 
sentations are named with letters to distinguish one' from another 
in a logical argiament involving more than one. At this point ?t is 
essential to emphasize the difference between the abstract points and 
lines to be used in logical reasoning and the physical strokes and dots 
on papers and blackboard which are used to represent them (see the 
discussion of abstract geometry vs. a physical model of it which is 
given in the introduction to thie guide). Show the class how the 
undemned terms can be used in defining other terms. Define line 
segmeVt, ray, and polygon. Have the pupils start a page in their note- 
books n^ded "Definitions" and record these. 

The S.M.S.G. and U.I.C.S.M. courses make a distinction between a line, 
a line segment, and a ray (with distinct notation for each)^ AH are 
defined as sets of points. Thiey also distinguish the measure of the 
length of a segment, which is a positive real number from the segment 
itself. It is suggested that each teacher of Mathematics 10 have 
available to him a set of the S.M.S.G. and U.I.C.S.M. texts. These 
may be used to provide enrichment for incorporation into the New York 
State Mathematics 10 Course of Study. 

In the S.M.^TG. GW (geometry with coordinates) text, ftirt I, 
Chapter 2, pgs. 33-48 introduces the concept of sets applied 
to geometric figures and the incidence properties of points, 
lines and planes. 

On page 38, the notation for line AB as AB is introduced. 

In Chapter 3, the distinctions between line AB, ray AB and 
segment AB are developed - the definition of a ray appears 
on page 84, of a line segment on page 86, and page 88 (top) 
contains a summary of these. 
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It is not suggested that the teacher necessarily use various 
notations for line, line segment,, ray,' measure of the lengthy 
of a line segment unless He vdshes to, but that the class be 
continually made aware of the distinctions and know which they 
mean either by notation or by context* 

^ - . ./ 

^ The lesson may^be applied hy using other exercised involving \ 
the need to define words carefully. Ask the class to decide * 
whether "Abraham Lincoln ^vgis an educated man," It will soon 
be seen by the differenc^fef opinions that. the term "educated^ 
has different meanings to different members of' the class. One? 
meaning refers to formal 07 school training, th« pther r^fersv 
to worldly experiences • Clearly, the need for good definitionis . ^ 
is a necessity if. we are all to hold the same meanings for words J: 
ill a discussion, 

Lesson 2 

Aim : To illustrate the difference between induction and deduction, 

■ ■ . • ■ ■ \ 

Develoment : ' 

Have pupils draw triangles, Obtairi the midpoints of two sides 
by measurement, and conaect them with a line segment,. Measure 
the line segment thus fomed and cojfnpare its length to the length 
of the third side of the triangle. Have 5 or 6 puoils do this 
at the board (or on acetate for oVeVhead proJectorVwith varying 
sizes and shapes of triangles i Elicit the geherali^tion that 
'•It seems as if the line segment joining thle midpoint^ of the- two 
sides of a*triangle is equal to half of the third, side." This is 
a proposition^ i,e., a^ proposal for investigation*^ Is it pme'i , 
Is it possible that after, we have tried this experiment on 'a ' 
thousand triangles in which the generalization is true, we may then 
come across one in which It is false? Is it likely that we would 
find such a case? The generallzatjf&n above was arrived at a 
process of Induction , An induction assigns a property discovered 
to be true in a ertain subset (the triangles we tried) to the 
whole set (aP triangles), * 

^^ow tell the class to suppose that by logical reasoning nBthematicians 
had actually proved that it is always true that the line joining the 
midpoints of two sides of a triangle is equal to. half 'the third side. 
Knowing this, suppose we now have a specific triangle^ ABC with mid- 
points D and E of sides AB and BC respectively and AC is known to 
be 10" long,, how long is DE? Point out that the length of DE was 
arrived at by a deduction - wfe did not measure it! A deduction may 
be considered as the assignment of a property of a set to a subset • 
The stat'ement above was known to be true of all triangles, and 
it was therefore asserted to be time of a subset consisting of the 
specific triangle ABC, 

I ... X 

-9-. 
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Note : In this experiment, we have* used the concept of line segments 
being " egxial ". What does AB = CD mean? This statement means that 
the measure of the. length of the.lilie segments is the sam^ number* 
Length of a line segment is defined in some modem texts hj assigning 
a coordinate system to the line of which the segment is a part. 
Symbolism like m (AB) or {aB | may be used for the measure of the length 
• of line segment AB, if the teacher desires. 

Suppose John, Tony, and Carl are three boys in the class, who therefore 
fom^a subset of the class. If we note that John, Tony, and Carl are 
all wearing red ties and make the generalization that "All the boys in 
this class are wearing red ties," we are using induction - assigning 
a property of a subset 'to the vrtiole set. On the other hand, if we 
happened to know that all the boys were required to wear red ties, we 
could state that "John, Tony and Carl were wearing red ties, ", without 
looking at them. We will 'then be using deduction, assigning a property 

of the whole set to a subset. 

^# ■ 

Students should appreciate the differences in the validity of conclusions 
arrived at by generalization (induction) and by deditction. Because 
three boys are^seen wearing red ties, are we certain that all the boys^ 
are wearing red ties? Because we know that all the boys are wearing 
. red ties, artr Are certain that three specific toys among them do? Discuss 
the problem otf improving the validity of the method of generalization 
(induction) by 

a. increasing the number of specific cases before generalizing 

b. selecting a good sampling of the generalized set 

Start a list of "Common Errors in Reasoning" in notebooks. The error 
developed here is "Improper generalization from too few cases or a 
poor sampling." Be sure the class sees that simply taking many cases 
does not insure a gp^tf sampling • For example, one might assxjme that 
water contracts ^nen the temperature drops "by taking measurements of 
^ its density at mny different temperatures. However, between 4^ and 0^. 
water expands as the temperature drops. 

Lesson 3 

Aim : To examine the nature and requirements- of .a good definition. The 
teacher nay use the definitions of terms learned in the 7th, &th, 
and 9th years as the substance out of which the criteria- of good 
definitions may be developed. 

1. Definitions and Sets 

Definitions may be clarified in terms of sets. The object defined must 
be identified as a member of a set and then must be distinguished from* 
other members of the set. These two parts of a definition are called 
classifying and distinguishing . ! 

For example: A pencil is a writing implement that has lead . Thus, a 
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pencil is a member of the set of writing implements which contains 
pens; chalk, crayons, brushes, and so Ion* The pencil is different 
from these in that it alone has lead. ^ On the other hand, a wrltinj^ 
inip3,ement is a > hand implement used for writin/^ . Thus, the set of 
writing implements is itself a member of a larger set of hand 
implements containing hammers, crowbars, brooms, and so on. It 
differs from tliese in that it alone Is used to write with^ . 

It is now evident that definitions may form a sequence , In the above 
illustration, the sequence was (starting with the smarllest set) pencil, 
writing implement, hand implements. We might extend the sequence to 
"implements," to "nanufactured articles," to "inanimate articles," 
and so on. 

Defining Geometric Terras 

Have the students now undertalce the formal definitions of geometric 
terms. Start with angle, kinds of angles, including acute, obtuse, 
straight, and right angles. Teachers will have various possible- 
choices for these definitions *- an angle as a rotation, an angle as ^ 
the union of two rays. from the same origin, etc. depending on the 
text used. Be sure to stres^s the sequence in the definitions, 
.whichever you use. 

In Chapter 4 of the S.M.S.G. GW text, the definition of "angle" 
y is given on page and the measure of an angie developed on 

pages 149-154« Notice that the GW course considers as angles 
only those with measures between 0 ;and 1^0, excluding the 
"straight angle" as an angle. One of the reasons for this 
involves the property that the open segment joining any two ' 
points, one on each side of the angle, lies in the interior 
of the angle. Note too that\v4ien we talk- of an angle of 30^, \ 
we mean the measure of the angle is 30 with '*^egrees" being j 
adsujsied as the unit. On page l65, "betweenpess" for rays is / 
defined, and on pages 184-185> congruent angles are defined / 
as angles with equal measures* • / 

Continue the discussion^ of definitions by developing definitions fo/ 
polygon, triangle, and kinds of triangles classified by sides and. 
angles, using the definitions to illustrate the properties > of a good*" 
definition. 

It is desirable to build definitions by imbedding the term being 
defined in the next larger set. However, it is not incorrect to define 
a term by placing it within a sejt that is not the next immediately 
larger one, provided the pinopcrties necessary to distinguish it from 
the other members of the set are included in the definition. Thus,*^ 
later in the year a rhombus .can be defined as a paiallelogram with two 
adjacent sides equal, or as a quadrilateral which is equilateral. In 
discussing the definitions of angles and triangles, the pupils should 
also be*shbwn the accepted notation for naming them, including the 
use of one 'or three letters in naming angles and the purpose of each. 



The building of the definitions of the varioue kinds of triangles 
affords an opportunity to liare pupils note the nesting of sets, 
one within the other* This may seem to students to be an endless 
provess, and this can be used to reinforce the previously .developed 
need for undefined terms 1 

Suggested exercises: * 

1* After defining "line segment," define 

median 

altitude . 

angle bisector ' ^ 

2. Arrange the following terms to form a correct sequence for definitions 
starting with the largest set; 

# . 

a. equilateral triangle, polygon, triangle, isos^t?^es triangle 
b* square, rectangle, polygon, quadrilateral 
c« hiuiting dogs, canines, dogs, pointers 
d* Ford, car, vehicles, Thunderbird 

■ ' . ^^"^ 

Have the class note that a definition is simply a statement of the 
^equivalence between a lengthy description of a term and a» simple expres- 
sion for the term, 'Isosceles triangle' and 'triangle with two eqvial 
sides' mean the same thing. Ask the class what they can conclude if 
you "give"* them a triangle ABC with ABbBC. Then ask them what they 
can conclude if you "give them an isosceles triangle ABC wi^th AC as 
its base. Elicit that definitions are reversible. 

Teach the use of the symbol ^ 

Examples : . * . , 

a) I.AlABC is isosceles with base AC i. Given 

2. .\ A&»BC ' 2. Bjy^ definition, an isosceles A 

is a A with 2 equal sides* 

b) 1. A&=BC 1. Given 

2. A ABC is isosceles 2, By definition, with*2 « sides 

is ah isosceles A • 

Later i n the year, since a definition is an equivalence, the teacher covdd 



permit the two steps abo^ie to be omitted f rt)m a proof and the inference 
to be made above the proof in the h7pothe8is. 

Repeat 'the above type of exercise With other definitions, asking for a 
reason to support the conclusion each time. This will prdvide drill in 
the definitions and also build the gro\indwork for the concept of a 
deductive proof consisting of statements each supported by reasons. . 

J-iesson A 

Aim : To, develop the meaning of posttilate and theorem and the distinction 
between them, • ' , 

Ha,ve the' class consider a diagram' showing a pair of vertical angles and let 
them suggest a definition for the term "vertical angles" and add it to the 
list of definitions . What seems to be tirue of t^e relative size ot the 
two vertical angles in a pair? Before answering this question, what do 
we mean ty the gize o! an angle? Again, thrf different definitions of angle 
will require different definitions of size. We will use th\s symbol 
^ k^3(P to mean the measure* of the size of angle A is 30, in degree xmits. 
To clarify this, be sure students see that I is ^ larger angle than 

What do we mean by equal angles? A=^B means* that m( ^A)=m( ^ B). 



Discuss the meaning of 



ABG - ^11 - 



Apply to 






How shall we investigate the proposition that, "It seems as if vertical 
angles are equal"? Pupils Will suggest m^surement with a protractor. 
Elicit that the generalization nade as a i^sxilt of such measurements 
is an induction and review what its limitations are. Is* it possible 
to deduce ithe proposiuion that "IT two angles are vertical angles, 
they are equal" for all possible pairs of vertical angles, from some 
simpler proposition that we are all willing to accept? How can such a 
deduction be made? Get the class to see that to prove propositions 
by a logical argument requires reasons to' support the statements (or 
Glaims) made in the argument. What can these reasons be? Desirably, 
the reasons should be propositions which have already been proved. 
Those propositions were also proved from previous propositiona(L But 
how can the first of these propositions be proveti? Relate thfs situation 
to that developed in connection with definitions and establish the need 
for Dropositions which we accept without proof. We call such assumed 
propwitions postulates or axioms > 
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Consider tlje vertical angles a and b. 

Now have the class note that we can express /a as 180^.- /c, ^ 

We can also express /b as 180°^ - /c. 

Angle a and angle b can't both eqiial 180^ - /c unless* 
they are equal, but we n^ 
statement thatZ«a= /Lb. 



they are equal, but we need a reas| ^ y^o supjx>rt the 



Get the class to see that we really assumed that "Quantities equal to the 
same quantity are equal to each other" and that this is our first postu- 
late. Have pupils begin their notebook list of postulates'^ with this 
entry using a heading, "Postulates we have^assi^ed. " Recall 'that sucli 
postulates were also used in algebra although they^may not hav^ beerT 
called by this mrae (perhaps pupils knew them as "principles" they did 
not' prove). ) / 



For , example, remind the stixierits of the commutative postulate of arithmetic, 
which states that ab=ba for any natural nimibei*s a ©and b. 

In algebra, they probably did some deductions also, such as the proof that ^ 
a»0 = 0 using the distributive postulate and_the definition of "0", 
namely, for'Vvery, number b> b + 0 = b. 

Have the class now see that acceptance of our' new postulate makes it 
possible to prove o''-ir proposition, "If two angles are vertical', then 
they are equal". A proved proposition is caftled a theorem . Have the 
class list thiis first theorem in'their notebooks, labeled "Theorems we 
have proved." Since this theorem is a proved proportion, it can be 
used in future as a reason to support other 'deductiorfe, so we now have 
one postulate and one theorem with which^to make further deductions. The 
theorem and the postulate should now be applied in very simple deductions 
which they make possible. Supply the class with a fact, and challenge 
them to "deduce" another fact from it. Then challenge them to ;give a 
reason to support each fact or statement they deduce. (This should be 
dore orally at this stage.^ not written out formally.) * 

What are acceptable as possible reasons ..in this game of deduction? 
Certainly, postulates (which have ^been accepted without proof) and theorems 
(which have been proved) may fill this role. Show the class that sonie 
facts must also be supplied at the beginning of each logical argument 
and if these are cited in a proof, the reason supporting them is stated 
as "given. " Next, ask the class to tell you what they concluded about 
iC^ ABC if i^was given that it is isosceles* Discussion should reveal 
that definitions may also serve as reasons supporting statement^ 
made in a deductive proof, gi^^S us four possible types of reasons.^ 
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Not^ tp Teacher : 

. The teacher may now lntax)duce the concept of a postulational) system as the 
organization of undefined tews, definitions, postulates and theorems. 
It may be pointed out that the yoar*'s project In Tenth Year Mathematics 
is the construction of such a postulational system concerning the materials 
of geometry. However, one inay also build a postulational aysteto with the 
materials of algebra or any, of the branches of raathematics.^^4o^fepver, 
scientists, philosophers, and others who want to org6.nize their ideas 
systematically strive to use a postulational system ^s their model. 

It is interesting to note that EUnstein's Relativity Theory wa^s built 
partly on a denial of Newton's postulate that spice and time were abs5)lute 
(independent any observer), while Einstein did postH-late that the speed 
of light was absolute. The time for discussing non-Euclidean Geometry is 
better postponed to tJ^ when the parallel postulate is d;lscuSsed, \ 

Other examples may be^'esented which bear close resemblance to a postula- 
tional system. The Declaration of Independence may be such a one. It 
postulates early in the document that "We hold these tilths to be self- 
evident: That all men are created equal: that they are endowed by thei^* 
Creator with certain inalienable rights;..." ATter^ presenting a nass of 
evidence it concludes (theorems) with, "We, therefpre-. . .declare, that the 
united colonies are, and of right ©ut to be free and independent states..." 
Concepts, such as "free," "equal" are left undefinfed, whereas "inalienable 
rights^' is defined in terms. of "life,, liberty, and the purs\iit of happiness." 



jssons 5 and 6 

Aim : To develop more definitions and to ,use them in building the students' 

concept of simple deductions. ' - 

< 

Now that w^ have defined one type of angle pair (yeijtical angles), let us 
turn to definitions of other coninon angle pairs. Adjacent, supplementary, 
and complementa ly angles should have definititj^ns developed and recorded. 
An appreciation of the need for precise definition should be developed 
throvigh such questions as, "Are three '^GP ^-ngles complementary?" Wagrams 
of overlapping angles with a common side and a common vertex can similarly 
be used to emphasize the ne^d for such a cletail as tha requirenient that 
the cpnmon side be between them in the definition of adjacent angles. 

Now have the class consider two equal angles, each which has a supplement. 
What can we conclude about the supplements? They wili^use the postulate 
of the previous lesson to prove that "If two eqvial angles each have a 
supplement, then the supplement's are equal." Is this a postulate or a 
theorem? 

Similarly, the^theorem, "If two equal angles each have a complement, then 
the complements are equal" should be developed and, listed in the notebooks. 
'Note the advisability, wherever possible, of writing propositions in the 
"if-then" form. Apply these theorems in simple deductions, asking the class 
for oral conclusions . (statements) each time and a reason to support each 
statement. ' . 
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Consider a situation involving more than one right angle or more than one 
straight angle. Get the class to suggest and prove the theorems, "If 
t^i^fi^ngles are right angles, then they are eqval" and "If two angles are 
straight angles, then they are equal," Use the^S^^-^n making further deductions 
in sitnations involving right angles or straight angles, ' It may also be 
desirable to introduce and use another postulate,. "A quantity n^y be substi- 
tuted for ar. equal quantity in an equation" at this' point. The teacher may 
point out that' this postulate was .used throughout ninth y^ar mathematics 
whenever a variable was replaced by an equal expression. 



Lessons? and 8 

Aim : To provide fuRher experience with deductive proofs including s>me 

involving more than one step> some requiring identification of /hat is 
giVen^ and wh^t is to be proved,, and some requiring diagrams to 
4 nade by the "student , - 



be 



Ask the class to draw two lines which are pei^pendicular to each other. They 
will usually draw one vertical and one horizontal. Challenge them to decide 
whether two lines not so oriented jean he perpendicular, ' What \s th^jfessential . 
feature that determines whether li/nes are peiT:)endicular? Evolve the definition 
that "Perpendicular iDJiefe are lines that meet 'at right angles," < Apply this ^ 
definition to deductions concerning the angles formed when two lanes are *• • 
given tb be perpendicular, and to deductions concerning' tHe lines when' the m 
\angies at which they meet are right angles?, using also the theorem that 
"If two angles are right angles, then they are equal," 

Kulti«"Step deductions ; Have the class note that the definition of perpendicular 
lines permit us to deduce that we have right angles. What can we then deduce 
concerning these angles? Note that oj^ten a* deduction -leads us to a fact 
which in turn permits a second deduction and so on. Thus, a >ri;iole chain of 
deductions may result from one. set of giv«i facts,- ^ 

), 

Note ; The approach of this guide makes these early deductions ea.sier because 
the students have .only a limited number of postulates to work with. 

a. Given:. /ABC = /ACB * ^ 

all lines are straight. 

Deduce: /ABC = /DCE 
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b, Giyen: ^ /j 
^ . all lines are straight 

Deduce: /r /s 

The teacher should encourage the 
followihg forin of argument. 

Steps: X = y 




But 
But 



X- = 8 

y --^ 



s o r 




.. c. Given: /l « /ji 

ABC and DEF are straight. lines 

^ Deduce: 72 = A ' i 

, ^ ' B 

^cte : This uses the theorem on supplements which >*as 
deduced from our single postulate. This is a good 
time to introduce the meaning of sequence in a 
postulational system, 

d. Given:' AB J_ BC., DE J_ EF 
Deduce: /GBC = /HEF 

C .£ ^ 'F 
More exei*cises involving "two-deduction" proofs may be found in any textbook* 

The "if-then" statement ; Have students considei: the theorem, 'tlf two angles are 
ri^t angles, then they are eqvjal," What information does the statement assert 
is given concerning these angles?* What information concexhing- the angles 
does this statement ena.ble us to proye? At this point students may be presented 
with the concept of statements of implication which contain a hypothesis and 
a coriclusion. The "if-then" form of these statements is useful in identifying 
the hy|)othesis as the "if" clause and the conclusion as the "Jthen" clause. It 
should be made clear that there is no judgment concerning the tiruth of the 
hypothesis or the conclusion. The implication asserts that XL or whenever 
the hypothesis is known to be true, then ithe conclusion will also be true* 





Suggested exercises: 



Have the students write in the "if-then" fom and state the hypqthesis (given) 
and the conclusion (to prove): 



Iron expands when it is heated. AH straight angles are equal. 
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Njylon sweaters ar^ warm. ' 

Supplements of equal singles are equal. 

Complements of equal angles are equal, 
r 

TJje medians to the legs of an isosceles 
triangle are equal. - 



Wien two angles are equal, their 
supplements are equal. 

Two angles are equal when their 
complemtsixts are equal. 

When it rains, the sidewalks are 
wet . 



Diagrams ; Consider J:'he proposition > '•Jhe bisector of the vej*tex angle of an 
isosceles triangle bisects the base*" Students find two .difficulties here; 

1) They cannot tell the hypothesis ^f^om the conclusion in a simple sentence, 

2) They cannot visualize the situiiltion when a diagram is not" given. They 
should suggest rewording the proposition in the "if-then" form and defining 
such terms as bisector, vertex angle, and base of an isosceles triangle. 
Bring out the desirability of having a diagram to picture the proposition. 
Have the class draw a diagram to illustrate it and* letter the diagram. The 
nteed for a large clear diagram and uniform lettering to facilitate class 

scussion should be brought out. The teacher should circulate abput the 
om to ins]5ect students' notebooks. State the hypothesis (giveiiO in terms 
of the lettered diagram and also the conclusion (to prove) in terras of the ■ 
lettered diagram. < 

Suggested exercises; 

Make a lettered diagram, state the hypothesis (given) and the conclusion (to 
proye) in terms of the diagram for each of the geometric statements in the 
earlier exercises in this lesson. 



UNIT TEST 

THE INTRODUCTGRy LESSONS 

1. a. Arrange these terms so that each is a subset of th^ tern ^ich follows: 

y polygon, geora^ttric figure, isosceles triangle, triangle, equiiateral 
triangle ^ 

b. State the s\iperset that is used in the definition fef ^^h of the following; 

l) median of a triangle U) scalene triangle 

.2) vertical angles 5) supplementary angles 

3) acute angle 

c. Complete the following definitions: 

1) Adjacent angles are a pair of angles which... / 

2) A right triangle is a triangle which... 

' 3) Perpendicular lines are two lines which... 
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2. Prove or disprove by an experiment, using two samples: ^ * 

The bisector of "ithe obtuse angle of an obtuse triangle bisects the 
^ opposite ^de. 

3. In each of the following pairs of statements, state which is the generali- 
zation of the other: 

a. l) The acute angles of an isosceles right triangle are equal. 
2) The base angles of an isosceles triangle arc equal. 

b. l) If the sum of tw equal angles is 90^, they are complementary.^ 
2) If the sum of two angles is 90^, they are complementary, 

c. 1) The sides of a triangle are segments of straight lines. 
2) The sides of a p6lygon are segments of straight lines • 

4. Write out a chain of deductions (with reasons for each step) to prove 
that /ABC = /CBD, given that CB r A». 



5. State the hypothesis and conclusion in each of th^ following: 

a. If two lines intersect, each pair of vertical angles are equal, 
o. If equals are doubled, the results are equal, 
c. The corresponding parts of congruent triangles* are equal. 

6. State a reason which justifies each conclusion: 

a. Given: CA J_ AB 
, DB _L AB 

Z2=Z3 
Conclusion: /l = /4 

b. Given: /x = /j 

^Conclusion: (l) /a = /b 

(2) /b = /c - 

(3) /a - Zc 

7. State whether each of the following is a definition, postulate or theorem; 

a. An isosceles triangle is a triangle which has two equal sides. 

b. Every angle has a bisector. 

c. Right angles are equal. 

d. Complements of equal angles are equal. 

e. If equals are subtracted from equals the remainders are eqfual^ 
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II. 



CONORUENT TRIANGLES 



Lesson 1 , 

Aj^ ; To introduce the meaning of congruent figures and congruent triancles, 
to present the firs^ congruence postulate, and to apply this congrtience 
postulate in simple proofs. 

Develonn^nt : 

The teacher should inform the class th.\t congruence is a basic concept 
used in industry. Assembly line methods of production depend upon 
congruent parts. Congruence is also an important logical tool, for 
if Ke know, for example, that two triangles are congruent, we can 
use this knowledge to 4educe tiiat any of the^Tbrresponding parts are 
equal. 

The teacher should develop the definition oxjj congruent figures as 
\ "Figures that agree in all of their corresponding parts." Ebdiibit 
to the class pairs of congruent polygons and pairs of congruent 
triangles cut out of cardboard to emphasize the concept* The 
advantage of the "correspondence concept" of congruence over the defi- 
nition of congruence which speaks of "figures which can be ma;ie to - 
coincide", is that the first concept avoids the need to move figures 
"without changing size or shape" to make them coincide. Later on, 
teachers cBy want ,to have pupils move figures rigidly* to bring but 
relations not easily seen otherwise. Many of the m9dem courses in 
geometry ."ecoinraend emphasizing the correspondence idea in congruence 
by using <v method of naming congruent triangles which takes account 
of this; in this method of naming triangles, if it is stated that 
triangle ABC is congruent to triangle DEF, it is Implied that A 
corresponds to D, B to E, and C to F and that all the corresponding 
parts are equal. The teacher may wish to avoid presenting a con- 
clusion using this method of naming triangles in order to avoid 
giving too great a hint, but students should be encouraged, to .name 
the triangles in that order as soon a^ they know whidi parts are equal. 

The teacher should have the class tell how many pairs of equal part^ are 
necessary, according to the definition, to establish that two triangles 
are congruent. Have pupils list by name \the eight pairs of eqv^ls 
for two congruent quadrilaterals and do the same for the six pairs 
of equals in two congruent triangles. 

Now draw a triangle and challenge the class to constinict a congruent 
triangle, using. ruler and protractor. It will become apparent that 
when only some of the pairs of corresponding parts have been con- 
structed- to l>e eqiaalj the renaining pairs are forced to be equals 
Use "the blackboard or overhead projector to have some pupils draw 
one .triangle which is oriented differently (say upside down) from 
the other to disabxise pupils of some common misconceptions concern- 
ing corjrespondence. After reproducing the triangle by copying only 
some of) the parts, have students verify the congruence ty measuring 
the other corresponding pa]fl^s» - ' ' . 
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In t le process above, the students may have discovered any or all of 
tlu three congruence principles. The teacher wiU probably want to 
ha/e the class concentrate for the rest of the lesson on one. of the 
V Lys (say S.A.S, =.fi,A,S,) to force triangles to be congruent by 
ising fewer pairs of equal parts than required ty the definition of 
congruence. . Through questioning, the teacher should elicit from the 
students that a principle has been discovered which will make it 
easier to tell whether two triangles are congruent, that '.he advan- 
tage of having this easier way would make them want to incorporate 
this principle^ somehow into the body of knowledge being developed, 
that the principle was established only by induction (some measure- 
ments), and that therefore it must be listed as a postulate. List the 
statement as "Two triangles are congruent if they agree in-^two 
sides and an included angle" (note that this is the correct way 
to have students read orally the written abbreviation S.A.S, «= S.A,S,). 
We may now use 3.A.S, — S.A.S. to deduce that triangles are congruent. 

The rest of this lesson may be devoted almost .entirely to writing 
deduction proofs in two-column form. The problems should be very simple 
and so stated that the "Given," "To deduce," and the diagram are given 
to the student,. Such problems as the following might be suitable; 

1. Given: EB = k) 

AB = EC 

A- 

To deduce ABE =^CBD 

2. Given: /l = £2 

AC = AB 

To dcd->:ce: ^ ADC =Z> ADB " 




In attacking problem 2, students will note that they need AD — AD 
to establish a pair of equal sides. Use this need to introduce 
the postulate, "A qviantity equals itself", "identity" for short, 
which should be added to the sttidents* notebook list. 

•3. Given: /ABD and /CBD are rt. /s 
. AB = BC 

To deduce : A ABD A CBD 

4. Given: /l = /2 
AD = BC 

j To deduce: A ABC =Zi ADC 




Other equally simple problems may be found in textbooks. 



r 



-21- 



o 

ERIC 



It is advisable that three practices be siarted in this lesson vrtiich 
%d.ll be valuable to the student: 

to mark the diagram so that he can easily see the hypothesis 

to idei ify the statement in the first colximn that has established 
* one of the desired conditions for congruence by the symbol (a) or 
(S); thus in problem 2, the student vfrites the statements: 

1. AC « AB (S) (preferably in this order so that SAS will 

2. /I = /2 (A) stane out) 

3. AD = AD (S) 

Lesson 2 

Aim ; Td discover and postulate the A.S.A. = A.S.A, and S.S.S, = S.S.S, 

congg^ence principles, and to apply them in simple proofs. 

Procedure : 

Ask the class what other methods than S.A.S, they have used to con- 
stmict copies of triangles^ that is, triangles congxment to given 
triangles. It is not necessary to repeat the experiments imless 
the clas« fails to recall the use of A.S.A, and S.S.S, 

r 

Postiilate the^e new cci^ngruence principles and apply" them in exercises 
similar to those found in Lesson 1, Conditions in these problems 
should be limited to those involving "identity", pairs, of right angle 
and pairs of vertical angles, 

<j 

In addition to the two practices recommended in Lesson 1, have the 
students decide which congruence principle to use before writing each 
proof. % 

Lesson 3 

Aim ; To teach that corresponding parts of congruent triangles are equal as 
a consequence of the definition of congruence. 

V 

Develoment : ^ ^ 

Challenge the qjass to find the distance across the 
lake from the m&surements shown on the diagram. 
How do we know that the distance across the lake 
is equal to the corresponding side in the other 
triangle? Have students recall that the defini- 
tion of congruent triangles implies that all 
pairs of 'corresponding parts are equal. There- 
fore, if We can first deduce that thie triangles / 
are congruent, we will then be able to deduce 
the equality of the desired pairs of corres- 
ponding parts. 




It may be advisable to use the term "bisector of an angle" in the 
hypothesis of some exercises. The follovdng exercise also helps 
the student to maintain the practices given in the previous l-essons. 

Given-: AD bisects /BAG 
AB = AC 

To deduce : ^ = /C 

B 



/' 












< 




? ■ 




> 



Notice the use of the question marks to identify the parts to be 
proved equal. 

A question-answer interchange <^ceming the exercise might be as follows: 

Teacher: What method carr we use to prove that /B - /C? 

Student: The method of corresponding parts of congruent triangles. 

Teacher: ^^at triangles can we use?) 

Student: AABD and ^^2^. CAD U} ' 

Teacher: »*iat method can we use to prove that AABD = A CAD? 
Student: SAS 

Teacher: Name a pair of sides we can prove equal. 
Student: BA and AC 

Teacher: Name a pair of angles we can prove equal. 
Student: /.BAD and ZCAD. 

Teacher: Name a second pair of sides we can prove equal. 
Student: AD and AD . 

There should be several students participating in the above interchange. 
At this point, one student should organize ,the proof while others write 
it in notebooks. 

Have class do a n^Dnber of similar exercises involving corresponding . 
parts of congruent triangles • ^ , ^ * 

Lessons L and 5 : 

c 

Aim: To develop the addition and subtraction postulates and to relate 
them to congruence. ^ 

Develoonent : 

/ " . - 

Challenge the students to prove this exerbise: 
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Students vdll discover that two of the equal line segments are 
not long enough to be sides of triangles. Raise the question of 
what must be done to each of these line segments to get the 
required sides of the triangles. Students should realize that 
we need the postulate, "If equals are added to equals, the sums 
are eqxial," / 

A similar development* may be used for "If equals are subtracted 
' from equals, the remainders are dqual," 

The a^ition and subtraction axioms should noW be applied apart from 
triangles. They may be presented 

/ as applied to instances involving ages and money 
as applied to nimierical values 

as a/pplied to Ufil^ segments and angles not in congruent triangles 

When the postulates are understood, they should be applied to angles 
and sides of triangles. When incorporating these postulates within 
a complete proof, the teacher should make clear that three statements 
are needed to reach the conclusion: 

a statement of one set of equals 

a statement of a second set of equals 

<x statement that one sxl8h^(or difference) equals another 
Suggested exercises: 




L688on 6^ 

Aim : To x>dlate congruence pairs of .supplenentary and complemdi^ary a^leB^ 

Develooxient : • 

Supplementaxy and complementaxy angles have been studied and need only 
to be reviewed. 

The three practices of earlier lessons of naxiclng the diagram, 
deciding upon the congruence principle to be used, and identifying 
the statements which establish the conditions for congruence are to 
be maintained. 

Suggested exercises: 

1* 










Lesson 7 
♦ 

Aim : To define the nature of constructions 

To give the topic its setting in the. history of mathematics 
To discuss some of the postulates related to constructions 
To teach the first construction - the bisection of an angle 

Develoment : 

As in any other new toplt, ^students should appreciate the rigedf\or a 
definition. In this topic it will be necessary to define «^onstruction 
as a djpawing (the superset ) which is limited to the use of two Instru- * 
ments, the compasses and a straight edge or unmarked ruler. Other 
drawings may be done with such instruments as the T-square, a marked 



ruler, parallel rules, and pantograph. It is natural .to aek why Ahie 
limitation has been^Jj^pouedl by mathematicians. The answer is to (be 
found in the fact tl^t assuming certain postulates of Euclidean 
geometry is equivalent to assimiing that we can make the particular 
constructions whicVi are possible with straight e<lge and ccanpas/jes. 



The postulates relating to constructions should be presented in texlmo 
of • the instrument that accomplishes it. The following ^relate to tr^ 
use of a straight edge: ^ 

One, and only one, straight line may be drawn between two given pjointSi 
Throu^a given point any number of straight lines may be drawn. ' 
A straight line may be extended indefinitely. 

The compasses have a dual purpose. They are used to draw an arc or/to 
lay off given lengths on lines. \ > 

The following postulates relate to the use of the compasses in con- 
structions: / / 

A gi^n line segment may be laid off any number of times on a given line 
A circle or arc may be drawn with any given point as center and any 
given line. segment as radius, i 

/ • ' ■ * . 

When presenting the bisection of a given angle, it should be listed as a 
construction theorem to^be used to. effect other , constructions in the* 
same sense as a thecArem is u&ed as the basis for subsequent deductions. 
It should be listed As follows; 

Construction thejDrem #1: To bisect given angle. 

Students should see that th*e construction actually involves two congruent 
triangles (based on the SSS principle) in which the desired halves are 
corresponding angles of congruent triangles. This insight is the new 
aspect of this construction since the construction routine has been 
taiight in previous grades. /• 

In teaching each new construction theorem this need to see the deduction 
basis. fior the construction should be the major emphasis in teaching and 
learning. 

An exercise on bisecting a straight angle leads to the erection of a 
perpendicuXar to a given iine at a point on the line. This latter may 
, be elevated to the 'status of a construction theorem. % 

\ 

ether exercises may consist of constructions of angles having 45^, 22^^, 
135^, a«id .67i^- Complements or suppl^ents of given angles should 
also be constructed. 



/ 



/ 
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Lesson 8 

Aim : To teac^ the cmplic<it^on of given angles. 

To apply this to constructing multiples, sums, and differences of angles. 

Ueveloanent : 

Construction theorem #2, duplication of a given angle, is based upon the 
SSS principle as was the first '"construction theorem. As the steps in the 
construction are taught, the teacher should point out the equality, of 
parts resulting in SSS, If this is done carefully, the student ^11 be 
able to supply the deduction proves the equ^^ty of angles. 

EjcexHsises may now be undertaken in which tvfice an angle, three times an angle, 

and so on, may be constructed when t^e angle is given, Eiceixjises involving 

the sum or diff erence^ of angles may be tried, 

« 

Problems such as constructing J/xt + /j or + /j) should be discussed by 

students in term^ of the differences in order of operations, • 

Lessons 9 and 10 ^ 

Aim : To prove the theorem - if two sides of a triangle are equal, the angles 
* opposii;e these sides are equal. 

To initiate a, "How to deduce,,," list in the stud,ent's notebook. 
To give practice! in the use of the theorem and congruent triangles, 

^ Develoment : 

This is the first' lesson in >rtiich students are agked to do a formal 
deduction when given only a verbal statement. It is advisable to review 
the copcepts of hypothesis and conclusion and their identification in a 
sentence having thcf "if-then/» fom. When this is done and the "Given," 
"To deduce" and the diagram Jpave been written, the students should have 
' ajn opportuiiity to plan the deduction in- the same manner as indicated 
in lesson 3. The formal deduction should now be written, 

' The theorem should be included in the list of theorems in the student s 
^^otebook. The student should review the significance of a theorem in a 
postulational systenio 

^ After the theorem is proved, accepted and recorded', students may show a 

tendencv to repeat its proof when confronted with* an exercise. They arc 
not always aware that a theorem can act as a short, cut to a conclusion 
when its hypothesis is known. For example. 

Given: AB = AC ' ^ ^ 

To deduce: /x « ^ 
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Some students vd.ll draw the bisect'br^of angle BAG and reproduce the statements 
and reasons of the^isogceleS triangle theorem in order to arrive' at the con- 
^plus ion that /ABC = /ACB. A special point must be made of the function of 
^ ^ established theorem as the short cut which enables the student to say that 
v.^ AbC « /ACB immediately after the statement that AB = AC. Thus, this theorem 
"^afts as a method of deducing that^Wo angles of a tidangle are equal when the 
opposite sides are equal. ) 

The above approach should be the starting point for examining other methods 
of proving desired conclusions. Such an examination should lead to the 
establishment of a new set of notes to be called, "How to deduce..." lists. 
The "How to deduce that angles are equal" list will now include the following: 

They are identical angles. 
They are vertical a^igles. 
Th«y are right angles. 
They are comjSlements of eqiial angles. 
They are supplements of equal angles. \ 
They are the suras of two pairs of equal angles. 
> They are the differences of tWonalrs of (equal angles. 

They are .corresponding angles ofSsqngruent triangles • 
They are opposite equal sides of a triangle. 

the next list, "How. to deduce that line segments aCre equal" wil], contain: 

They are identical line segments. 
They are sums of two pairs of equal line segments. 
They are differences of '^wo pairs of equal line segments. *• 
^ They are corresponding parts of congruent triangles. 

'The students should now do a number of dWuction exercises using the isosceles 
triangle theorem and congruent triangle^. Qicourage these practices: 

Mark the diagram to show the lu^pothesis . 

Use question marks to indicate the parts to be proved equal. 
Plan the proof before -writing lising the "How to..." lists. 
Use the* syi^ibols (A) and -(S) as explained in lesson 2, preferably in 
the order ASA or SAS. ' 

Note : The thjeorem - if two sides of a triangle are equal^^he angles opposite . 
these sid.es are equal - may be called for on the Regents examination. It is 
the first of 15 such theorems. Nevertheless, it would be a mistake to 
inform students of this fact at this time.^ This knowledge may fP-ve rise to 
attitudes vdiich would do harm to a student's proper understanding of the 
subject. 

Have students realize that the "How to deduce. ,." list will continue to grow • 
thix>ughout ' the teiro. For this reason, additional space should be provided 
in the student '•^s notebook. 
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Lesson J^ l 

Aim: To introduce and apply the "halves of equals and "doubles of equals" 
postulates. 

Development ! 

Many students do not have a precise understanding of "halves," They 
eciuate "half" to '»;partJ* The difference between these concepts should^ 
be demonstrated with parts of angles and parts of line segments. It 
is sometimes effective to first coliipare the two halves of a single 
angle or of a single line segment with each other. Then compare the ^ 
halves of unequal angles or of unequal line segments wiUl each other* 
Only then should the class consider the halves of equal^ This con- 
sideration should apply to a pair df equals as they exist independently 
and then as they are found as parts of the sides or angles of triangles. 

When incorporating this postulate within a complete congruence proof, 
the teacher should make clear that two preliminary statements are needed 
before the desired conclusion can be made* 

A statement of equals. ^ 
A 'statement that each has halves. 

The stat«nent that a half of one of the equals is equal to one of 
the halves of the other. 

\ 

Suggested exercises: 

• indicates a midpoint and a broken line indicates an angle bisector, 

. 2, ' r 




3- 




4. 




5. iPhe tidsectors of the vertex angle of an isosceles triangle are equal. 
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Lesson 12 

Aim : To teach the student how to checl^ a deduction proof. 

Development : . • 

Review' the jripaning of ^generalization. 

Have the student do a deduction proof as follows: 

fit 

Given: »AB = AE* 
BC = DE 

. #• 

To deduce: /x ''^ * 
Statements 



opjxjsite these s ides .are . equal , 



1. 

i. 


AB = AE 
ZB = ZE 


(s) 

(A) 


1. 
2. 


4. 
5. 


BC = DE 

Aabc = 

AC = AD 


(s)^ 

A ADS J 


3. 
4. 
5. 


6. 


Zx = A 




6. 




If SAS =4^3, 

If triangles 
parts are equal. 



then i>»T^t7>daugle3 congruent . 
ongk^jy^^, then th A corresponding 




angles o;^X)^te thgse sides are equal. 
Have tlie student check the proof. The check j^o^isisis of two parts: 

1, Each statement is supported by a reason which\is a generalization of the 
statement or "given," The reasons' aijp definitliong, postiilates, theorems, 
or given, 

2. The conditions in the hypothesis of each^ reason,^in the if-then form miist 
have occurred as the conclusion in a previous reason; or "given," For 

-example^ the "if" clause of ^reason 6 has "two side3 of a triangle are 
_ .equa]^'' Tnis*occurs as the "conclueion of i-ka-ww.. 5 1:^ v^iich^ccrrecpondi^.2 
sides are equal," ■ (The corres;)onding sides refer to the two sides of a 
triangle,) 

The che^ck would continue wit1i an examination of the "if " clause of reason 
5 which has "two triangles are congruent," Note that t?fis is the con-5 
elusion V>f reason 4. - ' ^ 

f , ■ .■ .. 

The "if" clange of reason k has t?iree conditions S = S, k - k, and S = S, 
These ar« found to bfr conclvisicns of previous-' reason oj/ referred 1^ as 
"given." / ^ 

One of the najor values'^of the cl-iock is that it fumislres the taackier with a 
means of kKplaining a nuinber of errors commonly m^ide by students. Some of 
these errors are: ^ 

The reason 'given does not fit th^ statement. Thiis failure to fit is made 
clear to the student by exjilaining that the reason is not a generalization 
or that ^the statement is nojb a specific ca-se of the reason, 

\ , ' ' 
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Statements are omitted • The student is led to recognize this when he 
fails to find a hypothesis condition in a reason as the conclusion 
of a previous reason • ^ 

Statements are irrelevant. The^^udent is led to see this irrelevancy 
when he discovers that the concljjieion of a reason is not found to be 
an hypothesis of a subsequent reason. 

Lesson 1^ 

Aim: To introduce the concept of • "definitional equivalence" • 
To use this concept in simplifying proofs. 

Development ;. . ^ 

Have the student consider the following two statements: 

BD' bisects /ABC ^ 
-ZI-Z2 ' 




Since "bisect" is defined as the dividing into two equal parts, the two 
statements are equivalent. The two statements refer to the same in- 
formation or data. Therefore, when the 'hypothesis of a deduction 
exercise contains the information 'T^isector of an angle, " we may express 
this information as '//l = /2" in the hypothesis (if /l and /2 refer to 
the halves). 

s • 

equivalent statements are: ' 

(M is the midpoint of AB) (AM = MB)'' ^ 

(Aa*LBC)f^- (/ABC is a right angle) ; 

A , . 

AB J_ CD c D ^ (/l and /2 are right angles) 




or 



"' (BEt is a median of triangle ABfi)<E— ^ (AD = DC) 
-1, (ABC is an isosceles triangle) (AB = AC) ^ 

(AD is an altitude of triangle ABC) ( /l and /2 are right anglea) 

Students should be cautioned that this equivalence ie not to be confused : 
- with deductions. For example, if triangle ABC is given to be an 
isosceles triangle, the statement /B = /C is a deduction and needs a 
reason to support it. However, AB = AC is defi nationally Equivalent and 
can Be written in the hypothesis as such instead of ABC' is isosceles." 

Suggested exercises: State the hypothesis and conclusion for each of the 
following by xising the principle of "defiftitional equivalence." 

The median to the base of an isosceles triangle bisects the verte>^angle* 
Th% median to the legs of an isd^eles triangle are equal. ^ 
The ang]|fe bisectors ^f the base angles orf an isosceles triangle are equal. 
The lines joining the midpoints of the sides of an isosceles triangle form 
another isoscelef^^riangle. / 



4 

I 
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Aim : To consider some exel^cises related to the isosceles triangle in order 
to provide onore drills in proving overlappiiig triangle^ congruent, 
to provide more experience with medians, angle bisectors and altitudee^ 
(i^eeded in the subsequent lessons). 

Develoment : 

* Have the class prove that the medians to^ the legs of an isosceles 

triangle are equal. Get pupils to see that they my use either < 
the lower overlapping triangles involving the base as an identity, 
or the upper overlapping triangles involving the vertex angle as 
) an identity '^pupils are often surprised to discover an angle used 
in an identity) • Note the value of using colored chalk to outline 
the overlappiTig triang].es, and to make the identity stand out. 

Next, have the class prove that the angle bisectors of the base 
angles of an isosceles triangle are equal. The suggested approach 
and connnents on th^ examplj^on medians are apropos here. 

Ask the class to prove that the altitudes^to the legs of an isosceles 
ti*iangle are equal. Why can't this be done (at t^is tiihe)? 

Lesson 15 

Aim ; To show the need for "aiixiliaiy triangles" in some congruence proofs. 
Development : 




Students will sense the need to prove triangle MKR congruent to triangle 
NKP. Discussion will reveal that triangle MKR cannot be shown con- 
gruent to triangle NKP unless we can first get another pair of eqtal 
parts. Such equal parts are obtainable orJy by first proving triangle 
PSR pongruent to triangle RQP» 



This is a good lesson in which to stress the need for a plan before 
any steps are written in any proof. Teachers should also be sure 
to rdis courage listing a given fact before 1% is needed in a propf* 

The use of colored chalk to outline pairs of congruent triangles is 
^highly desirable in cases v/nere various pairs of triangles under 
consideration overlap, as they do in this example. 
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Aim : To devalop and list ways to prove lines perpendicular • 
\ To develop and prove the construction of the perpendicular bisector 
of a given line segment. 

Develonnent : 

If the diagram is given, students will suggest the problem, 'Is the 
bisector of the vertex angle of an isosceles triangle perpendicular 
to the base?' Create the need for proving Hne > perpendicxilar, and 
start the list of, "Methods of deducing ths-^t lines are perpendicular 

The first method will arie?e fairiyv^t^uickly - show two adjacent angles 
are- equal and supplementary. (Pro^^ informally and list as a theorem 
'If two adjacent angles are both equal and supplementary, then the 
angles are right angles,') 

Show th»kJt4t^re are an iiuinite number of perpendiculars to a given 
line segment at various points on it, and review the method of erecting 
sxxch a perpendicfular at a given point on the line as a apecial case of 
^bisecting an angle. 

Now how could we get the perpendicular to go through the midpoint if the 
midpoint were not given? Note that there are also a£) infinite number of 
lines which bisect a given line segment. The one we want is called the 
perpendicular bisector. 

ChaiXeiige the class to discover inductively, in a few minutes, the 
compass and straight edge construction of the perpendicular bisector 
of a line slj^ent. Students will readily suggest such methods as: 

or the usual 



/ 

Whichever they like best, prove that the Resulting line is indeed a 
perpendicular bisector. The proof will involve a review of the first 
method of getting lines ^perpendicular and also the need for auxiliary 
triangles in congruerit proofs. 

Rephrase as "Two points, each equidistant from the ends of a Line 
segment determine the perpendicular bisector of that line .'iegment*" 
Add to methods of deducing that lines are perpendicular: Show that you 
have 2 'points each equidistant from the ends of a line segment. 

In exercises, be sure students realizie the value of this method as a great 
shortcut, and that they know which is the line segment and which the line 
determined by the 2 points • 

Lesson 17 

Aim : To construct angle bisectors, perpendicular bisectors of sides, medians, 
and altitudes in triangles; to develop the construction of dropping a 
, perpendicular fj?om a given point to a given line# 



Development ; 



Have the class construct the three angle bisectors in a triangle. Also 
have them construct tl.e thr^e perp^ndiciilar bisectors of the sides of a 
triangle. 

s. 

Next, ask the class to construct the three medians. Tliey will see the need 
for the perpendicular bisectors to locate the midpoint of each side. 

'""^ — > 

Finally, challenge thejplass to constinict the three altitudes of an acute 
triangle. It vdll be realized that we have coi\structed a perpendicular . 
to a line only in the case in which we cbuld start from a point on the 
line/^6W are faced with the problem of constructing a perpendicular 
from^a point outside the line. Recall the theorem that "The bisector 
of the vertex angle of an isosceles triangle bisects the base and is 
perpendicular to the base." Show how this theorem can "be used as the 
deductive basis for the construction of "dropping a perpendicular." 

Altitude of a triangle shpuld be carefully defined and the cases of the 
altitude falling inside, outside or on the sides of the triangle discussed 
informally. Students should l^e required to construct altitudes for both 
acute and obtuse triangles, either in class or for horaework«< 

\ > 

Students will enjoy discovering the concurrency of the sets of three angle 
bisectors, three medians, three perpendicular bisectors of sides, and three 
altitudes. It will also be interesting for them to discuss vmder what 
special circumstances one or more of the various special lines will be 
identical with other special lines. 




UNIT TEST 
CONGRUENT TRIANGLES 




V^l. Given: AB = DC 
Zl = Z2 

educe: /B = /D 



2. Read this proof carefully and be prepared to answer the questions which follow: 

Given: AB = BC 

) /CAE and /ACD are rt. /s 
AE = CD 

To deduce: /x = ^ 




'5' - 



i 



statements Beasopp 

1. AB « BC (S) 1. Given <j 

2. /CAE and /ACD are rt. /s 2. Given ' 

3. /CAE = /ACD. 3. 

A, /BAE = /BCI\ (A) 4, If equals are added to equals, the sums are equal, 

5. AE « CD ih 5c Given 

6. ^^A ABE -aCBD 6, If ASA « ASA, the triangles are congruent, 

7. BE = BD 7. 

8. /x = ^ 8, If triangles are congruent, corresponding parts 
*iik^ ^ are equal. 



Questions: 



i 



1, Supply the missing reason for 3. ' 

2, SuppJy the missing reason for 7. 

3, A statement was omitted before statement A. Supply it, 
Vf, Criticize reason 6 and give the correct reason. Reason 8, 

5, May statement 5 be vfritten before statement 1? Explain, 

6. May statement 3 be written after statement A? Explain, 

3- Given: AB = AC 

BF = FC D/ \t. 

Deduce: BD EC 





A« Prove by deduction: Two rignK triangles are congruent if the arms of one 
are equal respectively to the^rms of t)\e other, 

5 . Given : AB = CD ^ \ / 

BG = CG . 

ZA = ZD 
Deduce; A£ = FD 

i 

UNIT TEST 
CONSTRUCTIONS J 

1. What 'instruments are permitted in geometric constructions? P 

2. Write one construction postula€j^*^lated to the use of a straight edge, 

3. Write one G<yrf^ ruction postulate Vfelated to the use of the compasses. 
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4« Name the principles used to deduce the correctness of the 

bisectlor )f an angle ^ ^ ' 

M^ectio. of a line aegment^ * 
duplication of an angle 

5. Given: and with /x greater than Ij^ use construction inst^^imjnta to: 

do\ible If. ^ 
bisect tf , \ 
construct an angle that would be equc»l to 2 /x - ^ 

6* In triangle ABC construct: 

the median from A 
the altitude from C 
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LESSONS 1 and 2 



III. 
PARALLEL LINES 

\ 



I' 



Aim ; to arrive at an acceptable definition of parallel lines 

to discover the angle relationship propositions whicb are used to deduce 
that lines ai^ parallel 

to arrange the^e propositions in a miniature postulational system 
to use the propositions in deducing th-at lines are parauftel 

Development : , ^ 

Definition of parallel lines: The student should realize that a new topic or 
sequence should begin with an acceptable definition for each new term used ^ 
unless it is to be listed as "undefined." There are many illustrations of 
parallel/ lines (railroad tracks, etc.) in the world about us. Members of the 
class will therefore readily suggest possible definitions of parallel lines* 

In establishing an acceptable definition for parallel lines, the frequent ^ 
suggestion that they are always the "same distance apart" will pro^de 
opportunity to discuss the requirements of a good definition* Since "^dist'toice" 
'has neither been defined yet nor accepted as undefined, it should not be ua^d 
-JLn defining parallel lines. It may also be necessary for the teacher to ch 
lenge the class to include the requirement that the lines be "in the same pi 
by exhibiting pencils or rulers held in a position to represent sIcpw lines 
(lines not meeting which do not l^e in the same plane). The definition of 
parallel lines should then be stated. 

t 

It should also be pointed out that segments of parallel lines are said to be 
parallel if they lie on parallel lines* 

% 

Experiment #1: How many lines are there parallel to line AB, and going through 
a point C outside of AB? Students should experiment by rotating a pencil throu^ 
C until it attains a position in which it seems to be parallel to AB. They will 
usually arrive at the generalization: 

(a) "There is one and only one line 
parallel to a given line through a 
given outside point." This should 

be accepted as a postulate. Note to ' 

teacher: The existence of at least one ^ \ ^ 

parallel line can be proven from the 
other axioms of Euclidean Geometry. 
Euclid's assumption was that there was 
not more than one. 
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In accepting this generalization, the students should be lead to the question 
of how to construct this line. It will be readily seen that the definition 
of parallel lines is iSfiadequate for this purpose. 

Ejcperiment #2i Students should be shown how 
a draftsman constructs parallel lines by 
the use of a triangle held in two different 
positions against a T-square. This will 
suggest the use of a reference line 
(represented by thie T-square) cutting the 
two lines whose parallelism is being 
discussed. 




Students should now be asked to continue 
the experiment in which a pencij. is 
rotate^, but with an added reference 
line (identified asi a transversal) which 
Joins C to any point of AB. 

J 

They should be asked to consider such 
questions as: Does any relation no/ 
in the figure help to identify the 
position in^hich the pencil\is parallel 
to AB? (8 angles are formed and should 
be numbered.) Do any 'relationships 
appear to hold between some of these 
when the lines are parallel, but not to 
hold wh^ they are not parallel? 

In making the generalizations from these experimepfc^, the *iieed for *the introduction 
of the terms exteripr angles, interior angles, cwresponding angles, alternate 
interior angles, and consecutive interior angles will arise naturally out of the ^ 
students* efforts to describe certain angle pairs. The use of these terns implies 
the presence of the transVersal. 




/ 



Gciieralizations: Students will re^ily arrive at generalization (B) and (C) and, 
through teacher questioning, can be led to formulate (D): 



(B) 
(C) 
(D) 

(E) 



If the corresponding angles are equal, then the^lines are parallel. 
If the alternate interior angles are equal, then the lines are parallel i 
If the consecutive interior angles are supplementary, then the lines are 
parallel. 

Two lines perpendicular to the same line are parallel. 



The construction of a line parallel to a given line by equal alternate interior 
angles or equal corresponding angles (fine may be done in c3ass, one for homework) 
will now serve to verify . and to reinforce the generalizations made above. 
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students will fn^[uehtly suggest accomplishing the construction by dropping a 
perpendicular from the given outside pcint to the given line and then erecting 
a perpendicular to this transversal at the outside point* This makes in 
excellent introducti^ to generalization (E)« If this does nQt arise spon- 
taneously, the teacher should attenq^t to get students to suggest this nsthod 
and generalization. 

Pb^tulational System: The student aiiould be led to realize that he has not yet 
given a deductive proof of any of the generalizations concerning parallel lines* 

Can any of the generalizations be deduced from the others? Students may 
suggest that "2 lines perpendicular to the same line are parallel" is a special 
case of "equal corre«)ondlng angles." Discussion and Inf^nnfll^rnffff .ihffuld — '"^^ 
further bring out tha^ if we' accept "equal corresponding angles" we can deduce 
"equal alternate interior angles" and that if we accept "equal alternate in- 
terior angles" we can deduce "equal corresponding angles." Does this mean that 
both are proved as theorems? Here is an opportunity to reinforce the concept 
of the invalidity of circular reasoning. 

y 

The student should be lad to see that "supplementary consecutive interior angles" 
can either be a consequence of "equal alternate intferior angles" or of "equa] 
corresponding angles," or the latter two can be deduced from it* Therefore, 
if we choose to assume or postulate any one of these, 3 general iaj at ions, we can 
deduce the other two and also "lines perpendicular to the same line" (theorem) 
from it. The class should be allowed to make the 'selection and the generaliza- 
tions should then be recorded under the appropriate "postulate" or "theorem" 
lists. 



A diagrammatic representation of this miniature postulational system will help 
to promote understanding! 



POSTULATE 

If the correspondixig 
angles are equal, 
then the lines are 
parallel. 



THEOREM 

If the alternate interior 
angles are equal, then 
the lines are parallel. 



niBOREM 

If the consecutive 
interior angles are 
mqpplementary, then 
the lines are parallels 




THEOREM 

2 lines perpendicular 
to the same line are 
parallel* 



The teacher should stress that the selection of postulates is arbitrary. This 
selection is subject to the desirability of keeping postulates to a miniimim 
number necessary to deduce all the generalizations. 

The Parallel Postulate: Generalizations (B), (C), (D),.and (E) are in a seiise 
dependent upon generalization (A) since (A) asserts the existence of the 
parallel lines for ^rtiich the others show the sufficient conditions, (a) must 
therefore be a postulate and listed as such. 
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The teacher should now recount some of the history of the Parallel Postulate and 
point out that mathematicians, after failinp in their efforts to deduce it from 
other postulates, examined the consequences of accepting some altemate postu- 
lates in its place (that there are 2 lines parallel to a given line through 
a point outside it or none parallel). The theorems deduced from each of these 
postulates form non-Euclidean geometries which are valid. Here is an opportunity 
to distinguish between truth and validity. Students will want to know which of 
the geometries is the "true" one. It should be pointed out that each of the 
geometries is useful in interpreting situations in the real world. 'The teacher 
may return to this point in discussing the sum of the ^gles of a triangle in a 
later lesson. 

Ways to deduce lines parallel: .What ways do we now know to deduce lines parallel? 
Propositions (B), (C), (D), and (e) should be recorded in notebooks under a new 
list headed "Ways to deduce lines parallel.". 

Deductive proofs involving parallel lines (see any textlfeoltV^ould be done in 
class and for homework. In the more conqDlicated diagrams, the necessity for a 
ready means of recognizing alternate interior and corresponding angles will 
arise. When pencil drawings are used, have the students out^^e i^ ink the 
sides of the angles. This will result in the characteristioHB" for correspond- 
ing angles and "Z" or "N" for alternate interior angles. ^1*^ 

Numerical and algebraic exercises: It is suggested that the teacher introduce 
some numerical and algebraic exercises on the use of these propositions before 
the formal deductive exercises are attempted. Suggested exercises: # 



1. 




what angle would you 
need to know to prove that DA 
is parallel to FB? How many 
degrees would it have to contain? 
Answer the same questions for 
proving that AE is par^^lel to BG. 



G 



C 



B 



2. 



If /A is and /CDA is 180^ - 
which lines can you prove parallel? 





3. 



If /l is 80^, and [2 is BO^, 




explain two wa^ys in which you 
could prove that AB is parallel 
to CD. 



A 




J 



C 
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Aim : to discover the properties of parallel lines 

to apply these properties in deducing facts about angles 
to introduce the nature of the converse 

Development : 

Experiment: In an experiment similar to the 
experiments in lessons l.and 2 on parallel 
lines, students are instructed to move a 
pencil to a position such that the alternate 
interior angles appear equal, then to a ,l 
position in which the corresponding angles^' 
appear equal ,''aFKL finally to one in which 

the consecutive iiyberior angles appear supplementary. In e^ch case, what fact 
must result in regard Ik) the position of the pencil in relation to AB7 

Next, have students move the pencil until it appears to be parallel to AB, 
What fac^s must result in regard, to the size of the alternate interior angles, 
the corresponding angles, and the consecutive interior angles? 

Are the generalizations resulting from the second part of this experiment 
the same as those from the first? Consider: If you draw 2 ri^t angles, they \ 
must be equal. If you draw ^2 equal angles, must they be right angles? This is ^ 
the first time that students have met the concept of converse. The definition 
of converse should now be given. Sjdiibit the hypothesis and the conclusion of 
one theorem written side by side with those of its converse. This arrangement 
will help tojci^i^r^oroe the meaning of conv'erse. ' ^ 

One function of a converse is to suggest new propositions which may be formulated 
from the converses of accepted propositions. These converses may then be investi- 
gated. This procedure and thef above experiment should lead students to state: 

Generalizations: , 

(F) .If two lines are parallel, then the corresponding angles are equal. 

(G) If two lines are parallel, then the alternate interior angles are equal. 

(H) If two lines are parallel, then the consecutive interior angles are 
supplementary. 

(I) If two lines are parallel, then a line perpendicular to one of them is 
perpendicular to the other* 

Generalizations (F), (G), (H), and (l) can now be arranged in a logical sequence 
(one selected as a postulate with the others deduced informally from it) as was 
done with the converses. Pupils should also list (F) and (O) under •Ways to 
deduce angles equal, (H) under "Ways to deduce angles supplementary," and (l) 
under ''Wsys to deduce lines perpendicularo** 

Deductive proofs of originals involving parallel lines (see any text) axKl these 
generalizations can now be undertaken. Some exercises should include oases in 
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which lines are proved parallel by using angle relationships and in which angle 
relationships are also proved by using parallel lines. These will give students 
practice in distinguishing whether a theorem or its coitverse is the appropriate 
reason for a particular statement. Insistence on the "if-then" form of the 
statement of the parallel line generalizations will help avoid the error ^of 
using the converse instead of the correct reason (the "if" denotes the hypothesis 
of ^an alreadv established deduction, the "then" indicatep what we are deducing 
in this step). ^ 1 . • s 

Numerical and ^S^(^braic exercises:. In addition to formal proofs, numerical and 
algebraic examples involving finding of an^^les |:onnected with parallel lines are 
appropriate here. 

Suggested exercises: ^ 

1. If BA is parallel to DC, is 
and Ip is 30^, find ^BED. 



2. If 2 parallel lines are cut by a 
transversal, find the two interior 
angles on th^ same side of this 
transversal If one of them is 30^ 
more than' the other. 

3. If AB is parallel to CD, ^EFD is 
2x^, EO bisects ^FEB, and ^EGD is 
bco, find x. 

Converses: A more extensive treatment the concept of the con ^||||j e should begin 
with some non-geometric situations* The teacher can begin by wmluig two converse 
statements on the board: '*If I am thirsty, I drink water'* and "I^I drink water, 
I am thirsty." Do these statements mean the same thing? Discussion of this 
and other situations, both geometric and non-geometric, should result in the con- 
clusion that a true proposition may have a converse that is either true or false^ 

Students should be given exercises in forming the converses of statements, some 
of these conversed being tnae and some being false. The students should be asked 
to Judge the truth or falsity of the converse. 

The danger of unsound reasoning by assuming the truth of a converse should then 
be discussed. We know that if an angle is an obtuse angle it is less than I80^j 
it is not true, however, that all angles less than 180^ are obtuse. Exercises 
on identifying such unsoxmd reasoning under the heading, "Assuming a converse" 
should be given to the class, \|sing both geometric and non-geometric contexts. 

Suggested exercises: 

1^ If two triangles are congruent, then a pair of corresponding^^ altitudes are ^ 




equal. Therefore, if two* triangles have a pair of altitudes 
congruent. 



squal, they are 
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2* All good citizens vote. Since Mr. X voted, he must be a good citizen. , 

Advertising matter oI\en provides a fertile source of illustrations of an 
appesQ. to unsound reasoning by "assujning a converse." A Fireball Mbtor ad 
reads, "If it's a Fireball Eight, it's a good car." This may be a perfectly 
sound statement, but the aAvsrtisers hope the public wiJ.l assume that, "If 
a g9od car, it's a Fireball Eight." 

The possibility of having either true or false conversea-to^tirue propositions 
should be compared with the ^tuation in definitions. Definitions are always 
reversible # A term and the words that constitute its definition lafe equivalent, 
and one may always be substituted for the other. 

LESSONS 6^aDd 7 ' ' 

Aim : to deduce the theorem on the sum of the angles of a triangle 
to deduce a number of corollaries to the theorem 
to apply these in deductive, algebraic, and numerical exercises 

Development ; 

r 

Eaq^eriment: Students are familiar With the 
fact that the svua of the angles of a 
triangle is 180^. The following experiment 
is suggested as a means of making the fact 
more vivid and of suggesting the procedure 
used in the deductive proof: 

Have each student raike a paper triangle, tear off the 2 base angles, and place 
them adjacent to tne vertex angle as shown. He observes that a straight angle 
is formed. / 

Deductive proof: Have the students do a deductive proof of the theorem. 

The nature of a postulational system: The teacher should new have the class 
trace back the deductive chains on which this theorem depends. If we were 
unwilling to accept the BuclidJ^an Postulate, would the sum of the angles of a 
triangle be 180^? Tell the cla^s that the sum of the angles can be deduced to be 
respectively less than 180^ arid inore than 180^ by using the 2 non-Euclidean 
postulates. Mathematicians once thought of measuring the angles of a huge 
triangle to determine which of the postulates was the "tme" one, but found 
that no conclusion could be reached because the limitations of the measuring 
instruments produced results greater than, less than, and equal to 1800 on 
different readings for the same triangle. 

Corollaries: The corollaries to the ^'sum of the angles of a triangle" theorem 
can best be developed by having the students. 

consider a numerical exercise (find the other acute angle of a right triangle • 
in which one acute an^^le is hO^) 

generalize from numerical exercises (the acute angles of a right triangle are 
complementary) 



ERIC 



deduce (infonnally) t^be generalization from "the sum of the angles of a 
triangle** theorem. 

The following corollaries can each be treated in this manner: 

(a) A triangle can have at most one right angle or one obtuse angle. 

(b) The acute angles of a right triangle are coirq^lementary. 

(c) Bach acute angle of an isosceles right triangle is 1^5^. 

(d) Each angle of an equilateral triangle is 60^. 

(e) The "sum of the angles of a quadrilateral is 360^. 

^ (f) If two angles of one triangle equal two angles of another triangle, 
theif* third angles are equal, 
(g) The exterior angle of a triangle equals the sum of the two remote interior 
angles. ' 

Item '(g) above should be demonstrated both as a consequence of the angle sum 
theorem and directly Irom the parajj^lel line theorems Q^y drawing a line thrdu^ 
the vertex of the exterior an^e parallel to the opposite side of the triangle). 

Item (d) should be applied t€uthe -construction of the 60^ angle and other angles 
wnich may be constructed from^the 60^ angle. ' * 



' Numerical and algebraic exercises: The angle sum theorem and its corollaries shoul^ 
be applied in various numerical and algebraic exanples. 

Suggested exercises:., ' * ' 

1. Find the number of degrees in each aAgle of a triangle whoso angles are in 
the ratio 2:3:ii. . 

2. The vertex angle of a triangle is 50^. The bisectors of its base angles 
meet at D. ' Find ,the number of degrees in the acute angle formed by the 

, bisectors at D. . ' 

. 3- Angle A of triangle ABC is equal to x°. Represent^, inHerms of x, the 
number of degrees in the angle formed at the intersection of the two 
altitudes from vertices B and C. What-have you proved, about the relation- 
ship of this angle to angle A? 



UNIT TEST 
PARALLEL LINES 



1. a) Through point P, a point outside a given line AB, construct a line par^lel 
to AB. 

b) State the po?||iate or theorem which justifies the method you used in part a) 

if* 
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a) The exterior angle at the base of an isosceles triangle is 130^. Find the 
vertex angle. 

b) The exterior angles at two vertices of a trii^gle are acute angles. Is 
this statement always, sometimes, or never true^ 

c) If AB is parallel to CD, ^1 a 
equals\2x + ^0^, and (2 equals 
Ux - IQO, find angle 3.^ 

C 




d) If is parallel to CD and the 
bisectors of ^FEB and ^EFD meet 
at G, find the number of degrees 
in angle ' 



Tell whether ea«h of the following examples of reasoning is ^sound or unsouDd.\ 
If unsound, explain why. 

/» * ' . 

In the tropic s,rTt is very rainy in July, Therefore, if there is a very 
rainy week in tne tropics, it must be July, 

In New York in December, the sun never sets later than 5^15 p.m. Therefore, ^ 
if the sun sets at 5^03 p.m, one day in New York, it must be December, 

Write the converse of: "If the median to the base of a triangle is perjpendiculai 
to the base, the triangle ii isosceles." 

/ o . \ 

Arrange the following statements in a logical sequence: 

The sum of the angles of a triangle is 180^. 

Parallel lines are two lines in the same plane that do not .meet, 

Wien two parallel lines are cut by a transversal, the alternate interior angles 
are equal. 

Through a given point, one and only one straight line can be drawn parallel to 
a given line. ^ E 



Given: AB l| DE 
AB - DE 
AD " CF 

Prove: BC || EP 




Prove "The siim of the angles of a triangle .is l80^." 
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CUKGRUEIfr TRLiNGLES CONTIUUiiD hUD T.lO LOCUS THiiiORM'S 

^ Lesson 1 

■■ - - ■ • ^ 

Aim ; To define distance from a point to a line. 

*To develop another corollary of the "sum of the angles of a triangle" 
theorem, namely: v 

"Two triangles are congr^fent if two an^.les and a side opposite one of 
them are equal to the corresponding^ parts of the other" (SAA = SAA)" 
To deduce "Any rx)int on the' bisector of an angle is equidistant from 
the sides." 

V 

- Develo pment : 

Ask a question to elicit what we should mean by the distance f^m the 

school to Avenue. This leads to the postulate: Th^ shortest line 

segment IVom a point, not on a line, to that line is the perpeitdicular 
from the point to the line. Therefore, we arrive at the definition: 
The distance from a point to a line is the length of the perpenditular 
from the [,x?int to the line. 

• 

Note : The above postulate will become an easily proven theorem if the . 
first lessons on Inequalities are taught before these lessons. 



E3q)eriment: Have each student draw any angle and 
bisect it. Prom any point P on the angle bisector, 
drop perpendiculars to. the axms of the angle. What 
appears to be true from the* diagram? Can we deduce A 
it? 

The class can be led to deduce the generalization "any point on the bisector of 
an angle is equidistant from the sides. .-The deduction woiild p'^obably be done 
by using "if two angles of one triangle equal two angles of another triangle, 
the third angles are equal," and this in turn leads to the ASA ■ ASA congruence 
principle. 

Have the students realize that the two triangles agreed in a aide and two angles 
which did not ir^clude that side. HoweTsr, these triangles were shown to be 
congruent. Will such triangles always be congruent under these ccmditions? 
Have students deduce "If a triangle Has a side and two angles which do not incline 
this side equal to the corresponding parts of another triangle, the triangles 
are congruent." 

Teacher: Shall we list this in the same list in which we placed ^ 
ASA - ASA, SSS - S3S, and SA3 - 3A3? 

Studenti No. We posttilated those three methods after experiments. This 

method we deduced. Therefore, it is a theorem and should be listed 
as such. (Have members of the class list the SAA - -SAA theorem.) 




V 



Have the students now state the f^eneralixation fi'om the experiment: "Any point 
on the bisector of an anple is equidistant from the sides." This s>iould now 
be deduQed informally usin-ff^ SAA - SAA and listed as a theorem. 



LESSONS 2 jm^ 




Aim : to deduce the converse of "base angles of an isosceles trianple" theorem 
Development ; 

Experiment At point 3 construct an 
angle equal to /A so that the angles 
will be consecutive interior angles. 
What do you. notice? 



The students will discover the isosceles triangle and can be led to realize that 
it appears reasonable! "If two anples of a trianple are equal, the sides opposite 
these angles are equal." They should recognize that this is the converse of the 
"base angles of an isosceles trianple" theorem. 



Teacher: 



Student: 

Teacher: 
Student: 



We deduced that if two sides of a triangle are equal, the angles 
opposite these sides are equal. Can we list the converse now as 
a theorem? 

No. We must deduce it too. The converse of a theorem is not 
necessarily valid. 

Why didn't we deduce the converse when we first deduced the theorem? 
the deduction of the converse probably" depends upon some new theorem. 



Hare students deduce "If two angles of a triangle are equal, the sides opposite 
. thesej^jmglGs are equal." They will probably suggest drawing in the ansde bisector 
as was done in the original theorem. The triangles are easily shown, conginient 
by SAA" SAA. ^'^^ converse can now be listed aa a theorem. 

Have the students discuss the sequence: 



THEOHBH 

If two angles 
of a triangle 
aire equal, the 
sides opposite 
are equal. 



THEOREM 



SAA-SAA 



THEOREM 

Sum of angles 
of a triangle 
is 180? 



THE0RB1 

If two lines are 
parallel, alter- 
nate interior 
angles are equal, 



POSTUUTE 

If two. lines are 
parallel, corres- 
ponding angles . 
ai^ equal. 



POSTULATE 



ASA « ASA 



Teacher: This converse makes us more powerful in geometry. Why? 
Studeffit: It gives us a new method of deducing that lines are equal. 

Have the students add the converse to "Ways to deduce lines are equal." 

If the lines are in the same triangle, deduce the angles opposite these sides 
are equal. 

Apply the converse to original exercises (see any text). 
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Aim : to discover that SSA ■ SSA does not necessarily make \wo trian;?'les congrxient 

to deduce "two right triangles are congruent if the hypotenuse and a leg of 
one are equal to the corresponding parts of the other** 

to deduce the converse of "any point on the bisector of an angle is equi- 
flistan^ from the sides " ^ . 

Development ; 

Teacher: We have found that triangles are congruent if SAS = 3AS, or SS3 = S3S, 
or ASA « ASA, or SAA =» SAA. What question do you think a mathematician 
would naturally ask next? 

Student: Are there other ways to show triangles congruent? 

Teacher: Can you suggest some other possibilities which we might examine? 

Student: Perhaps AAA - AAA, or SSA » SSA might be such other Ways. 

Teacher: We call this method of di'scovering new propositions '^Reasoning by 

Analogy." The propositions suggested for examination have elements 
which are similar to the propositions already accepted or deduced. 

You should recall earlier in the term we examined such statements: 

Joan is a very good* student in mathematics. Therefore, she will be 
a very good student in social studies. 

Have the students realize that analogy is a ^ood way to set up or discover a 
new proposition for investigation, but it is not a valid way af^riv±ng at the 
"truth" of the proposition. 

Experiment: Have the students esjamine the possibility of AAA * AAA as a method of 
showing triangles congruent. They should be led to see that this is an incorrect 
way of deducing congiruence. Students discovered that triangles having three 
angles of one equal to three angles of the other are said to be similar in Ninth 
Tear Mathematics. 

Expferiment: Have the students exaipine the possibility of SSA =* SSA as a method 
of showing triangles congruent. Draw any 
isosceles triangle c Draw any line from 
the vertex to the base. Triangle AHD 
and triangle BDH have SSA « SSA. Are A^ 
they congruent? 

The teacher might cut out trianAe ABD and HDC and point out that they agree in 
SSA. However, when the students Y"'^"'^®''^^ "to make the triangles coincide, matching 
CB and AB, and ^A, they find tfte triangles do not coincide and are not con- 
ginient. 

Have the students examine their original drawing and consider \inder what conditions 
the triangles would be congruent. The conditions would be that 

HP is a median (SSS » SSS) 

EQD is an angle-bisector (SAS « SAS) 

HD is an altitude (SAA - SAA) 
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Have the students consider the case 
tfhen BD is an altitude. Cut out 
two triangles as shovp in the diagram 
at right. 





Teacher: 



Student : 
Teiacher : 



I new have two separate triangles which agree in these lines^ 
(hypotenuses), in these lines (BD), and in these right angles, 
the triangles congruent? ^ 

They have S3A ■ SSA. They are not necessarily congruent, 
VRiat happens when 1 place the 
triangles together in this 
manner? 



Are 




Student : 



Teacher: 



Student: 
Teacher: 



If we put the triangles together, they fonn an isosqeles triangle 
whose base angles are equal. Therefore, they are congruent because 
SAA - SAA. 

Whenever we have two separate triangles, can we put thera together by 
matching their equal sides and in this way form a big triangle? 
(Shew two triangles with a pair of equal sides matched which does not 
form a triangle. For example, match the hypotenuses of the two right 
triangles, or match AB and BC of the original two triangles.) 
No^ They usually form a four-sided figure. 

Why did the two triangles form a large triangle earlier? (Show again,) 



The students will agree that the right angles made it possible to form a large 
triangle from the two triangles. 

Have the. students now state the proposition: "Two right triangles are congnlent if 
the hypotenuse and a leg of one are equal to the corresponding parts of the other." 
(The students may say that the triangles agree in side, side, and right angle,' The 
teacher should agree, but introduce the conventional terminology,) 

Use the models and have the students do the deduction orally. 

Give careful attention to the three steps which show that the large figure is a 
tritogle and not a quadrilateral. Have students do the deduction and plac^e theorem 
in list. 

Apply the theorem to exercises. 

Have the students state the converse of "Any point on the bisector of an angle is 
equidi5tant from the ^ides." Deduce this converse and place in list, 

LESSON 6 

,> ■ • ^ 

Aim : to introdi^ce the idea of locus 

Note: The idea of locus should be developed through the jrear particularly in 

relation to coordinate geometry 
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Developroent: 




Have the students consider the following 
challenge : 

A treas\^ is buried on an island. TVo 
hints are given. The treasure is known 
to be (l) equidistant from the two 
straight shore lines and (2) it is 
equidistant from the two palm trees 
A and B, Where is the treasure? 

The first hint will suggest an angle -bisector. Have the students draw the 
angle-bisector of the two straight shore lines and color it. 

Teacher: How did yon know that all of these points were equidistant from 

the straight shore lines? 
Student: We have already deduced that "Any point on the angle -bisector is 

equidistant from the sides of the angle." 
Teacher: Perhaps some other points like this one (point to one not on the 

angle -bisector) is also a point equidistant from the sides of the 

angle. 

Student: If that point were equidistant from the sides of the angle, it would 
lie on the angle -bisector. We have already deduced that too, » 

The teacher should point out that it is necessary to establish both a theorem and 
its converse before we can be sure. that we have located the set of points which 
satisfjjy- a condition. The notion of a set ijnplies that it contains all the 
elemer|bs, and only those elements, which satisfy a given property. 

Teacher: We cajl this colored line the Aocus (or set) of all point3 which * 
satisfy the first"* hint. Who can suggest a locus of all points which 
satisfy the second hint? 

Student: A point halfway between A and B, 

Teacher: Is that the only point which satisfies the hint "equidistant from 
A and B?" 

Students will c^uickly see that all the points of the perpendicular bisector satisfy 
the condition. They will be eager to note that the one point cominon to each locus 
is the place to dig. 

The teacher should now formalize the discussion. Suggest the following fonnat for 
lofcus theorem: The locus of all points which is , The blanks can 

be filled in only when both (l) a theorem and {Z) its convBrse have been established. 

The two statements relating to "equidistant from 2 lines" have been given, 

i 

Any point on the angle bisector is equidistant from the sides. 

Any point equidistant from the sides of the angle is on the angle bisector, 

4 

Have the students state and deduce orally the two statements related to "equidistant 
from two points," 

If a point is equidistant from two points, it is on the perpendicular bisector 
of the line segment joining the two points. 

If a point is on the perpendicular bisector of a line segment, it is equidistant ' 
from the ends, 
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Have the students list as a theorem the one locus statement noted as a com- 
bination of the two angle bisector statements. 



The locus of points within an angle and equidistant from, the sides of the 
angle is the bisector of that angle. 



< / - 

Have they^axudents list as a theorem the one locus statement noted as a com- 
bination of the two peirendicul^ bisector statements. 

' f 
The locus of points equidistant fi^om two given points is the perpendicular 
bisector of the line segment Joining the two points. 

Apply the theorem to exercises involving each, or both of the loci theorems. 



UNIT TEST 

CNGRUENT TRIANGLES CONTINUED AND TWO LOCUS THEOREMS 



I • Wrtte in order the sequence of propositions leading to the SAA « SAA theorem. 

2. Deduce: if two angles of a triangle are equal, the sides opposite are equal. 

3« St) Find by construction a point on 30 
which is equidistant from points 
A and 



b) State the locus theorem which 
justifies your construction. 

9 

li. a) Deduce: "Any point equidistant from th^sides of an angle lies on the 
bisector of that angle •'^ * \ 

b) State the converse of the theorem in a). ' — 

c) Vlhy must deduce both theorem and converse before being satisfied that 
the set n points on the angle bisector contains all the elements which 
are equ/cListant from the sides of the angle and no others? 
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V. 

QUADRIUTERAL5 



LESSON 1 • 

. r 

Aim ; to define quadrilaterals 
Development : 

Have the students reviev/ that quadrilaterals may assume the special fonns of 
square, rectangle, and parallelogram. To these should be added the rtiombus, 
trapezoid, and isosceles trapezoid* 

Have the students list the quadrilaterals and consider a seqfuence starting 
with the quadrilateral which is itself a subset of polygons. They should use the 
concepts of superset and subsets in defining the quadrilaterals. Subsets of 
quadrilaterals are parallelograms and trapezoids. As each bf these is developed 
into their subsets, the following pattern will evolve: 

■ % 

trapezoids ^ isosceles trapezoids 

quadrilaterals ^C^T -.rectangles ^ squares 

parallelogram*'^^ — > rhombuses 

The project of fonnal definitions may now be undertaken. It should be clear that 
the classifying parts of the definitions have been determined, Thus^ "A rectangle 
is a parallelogram which..., or ''An isosceles trapezoid is a trapezoid which..,," 
It remains to determine the distinguishing properties which permit us to distinguish 
the object being defined from other members of its superset. 

The definitions fpr trapezoids and isosceles trapezoids should be undertaken first 
since they presefit no serious difficulties and should be recorded in notebooks as 
definitions, ■ • 

The teacher will find that some students will suggest as the distinguishing property 
of pp.rallelograms that the opposite sides are parallel, others that the opposite 
sides are equal, and »som8 that the opposite sides are both $qudl and parallel. ' The 
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studetits may suggest the following about the opposite sides of a quadrilateral: 

whenever they are parallel, they are also equal 
whenever they are equal, they are also parallel 

Have the students conduct experiments to show that both statements are true# 
These should be done quickly. The results of the experiments suggest that 
only one of the properties is needed for our definition. Mathematicians 
have agreed to use the parallelism rather than the equality conditions. 
For this .reason it is called a parallelogram rather than an equalogram . 

The definition of a rhombus should be "a parallelogram in which two adjacent 
sides are equal," It is natural that this will arouse the students' curiosity 
concerning the equality of all the sides, A number of students will offer 
deductive proofs that this is so. Do not discoivrage these offers. If none 
aife offerjip an expe^riment should be used to examine the question, 

No^e: In this lesson, we are suggesting the ph^fcsophy of definitions which 
prefers that the distinguishing properties be vRuced to a minimum. This 
ideal unifies the subject matter for young stxJients but the teacher should 
recognize that, since definitions are arbitrary, there is nothing inherently 
wrong with the definition: A rhombus is a quadrilateral with four equal 
sides, or even A square is a quadrilateral with four equal sides and fovir 
eqxial angles. However, another advantage of the. minimal property type of 
definition is that it requires one to deduce fewer facts in order to establish 
that a specific figure is a , 

The rectangle may be defined as "a parallelogrsim having one right angle*" The 
students* curiosity of whether the three other angles must also be right 
angles may be satisfied by an experiment or a deduction. In most cases the 
student will offer the deduction, / 

The square may now be defined either as "a rhombus having one right angle" 
or as '-a rectangle/having two adjacent sides equal." The square is thus 
identified/ 3*5 a se^ of parallelograms v^ich are members of the set of rectangle 
and the set of rhombuses. If the interest and ability of the class warrants, 
the teacher may introduce the concept of .the intersection of two sets. It 
wotild follow that the set of sqijares is the intersection of the set of rec- 
tangles and the set of rhombuses. 




All these definitions should be recorded by students in their list of 
definitions. 



LESSONS 2 and 3 

— ^d/ff experimentation properties of quadrilaterals and 

subsets of quadrilaterals 

to use these discoveries in numerical problems using arithmetic and algebra 
Development ; ^ 

cnn!»^\^-^^'''^^".^' suggest the proitrties of opposite sides, opposite angles, 
• l^ll? r diagonals of a parallelogram. To examine these suggestions 

S T ^u^""^"^ ^ performed quickly and the results noted informally To 
facilitate these and other experiments, the teacher maj- avail herself of one or 

ZlfrTlZ^frV ""''^ °^ "^'^ hinged aslndicat^d 
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Each model is capable of assuming various shapes. Model 1 niay assume the shcipe 
of a rectangle as well as a non-rectangular parallelogram. Model 2 may assume 
the shape of a square as well as non-square rhombuses. Model 3> with the slats 
acting as diagonals, may assume shape of kite, or parallelogram. 



Note: Teachers haye reported that these models may. be easily made with the metal 
strips found in Erector Sets. Lengths and angles are easily mealured. 



Have the students extend the experimental program to include quadrilaterals and 
trapezoids. The results may be summarized in table form as follows: 



QUADRILATERALS 

Four sides (definition) 
Sum of angles is 360^ 



) 

trapezoid 

One pair of parallel sides (definition) 



^g^floan eles Trapezoid 



Non-parallel sides are equal' (definition) 
Base angles are equal 



Parallelogram 
« 

Opposite sides parallel (definition) 

"Opposite sides equal 

Diagonals bisect each other 

One diagonal divides it into two 

congruent .triangles 
Opposite angles equal 
Consecutive angles supplementary 



Two adjacent sides equal (definition), it 

is equilateral 
Diagonals perpendicular 
Diap;onals bisect the anr^les 

Diagonals divide iU into four equal right trianeles 

i ^ ; * 

I 



I 

Rectangle - 

One right angle 

(definition) 
All angles are equcl 
Diagonals are equal 



J 



The students should understand that the properties of any subset Include those 
of its supersets* 

Have the studenjg^ consider numerical exercises whose solutions depend upOn 
knowledge of one or nor 9 of the properties of the quadrilaterals. 

Suggested exeicises: 

1. One angle of a parallelogram is 50^. Find the other three angles. 

2* ABCD is a rhombus and [k « 50^. Find tfhe number of degrees in /^AflD. 

3. In rectangle ABCD diagonal AC = 5x + 5 and diagonal BD » 7x - 7. Find x 'and 
the length of each diagonal. ^ 

U« In isosceles trapezoid ABCD, the base » $0^. Find the other angles. 

5. ABCD is an isosceles' trapezoid, [k ^ S% - 20 and » 3x + UO. Find x and all 
the angles of the trapezoid. 



^ Lesson k y , ■ " 

Aim ; To select the more important of the propositioifs discovered as true in the 
previous lesson and to elevaoi them to the rank of theorem. 

t ^te : They will achieve this rank not only because they will be proved 
deduction, but because they are going to be useful in subsequent deductions • 

Develorment : \ 

Prove quickly and ihfonnally all the properties of a parallelogram as dis- 
covered in Lessons 2 an<l 3« I • 

* 

1. If a quadrilateral is a parallelogram, a diagonal divides it into two cofi- 
gruent triangles. 

2. If a quadrilaterial is a parallelogram, its opposite sides are equal. ^ 

3. If a qiiadrilateral is a parallelogram, its diagonals bisect each other. 
k. If a quadrilateral is a parallelogram, its opposite angles are equal. 

5. If a quadrilateral is a parallelogram, its consecutive angles are supplementary. 

r 

This lesson affords an opportunity to reiterate the two values of deduction as 
spelled out in the Introduction to this guide. The teacher must be sure the 
students ^ntinue to distinguish between the inductive approach of lessons 2 
and 3 and the rearrangement into a postulational sequence. These 5 theorem? 
do not necessarily form a * consecutive sequence but interesting arrangements 
of them can be made. 

Also, because of the multiplicity of theorems to be quic^ily deduced, this lesson 
provides an opport\mity to^use socialized recitation and committee procedures. 

Students should now add to their '^Methods of deducing" lists new methods of 
proving line segments equal, and angles equal. 
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Lesson 5 

Aim : To study th^ converse theorems which furnish sufficient conditions to 
prove that a quadrilateral is a parallelogreun. 

Develonn^nb ; 



Challenge: Given: ^ 
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Construct; parallelogram ABCD 

As students try this construction, circiilate about the room and place on board 
samples of the following four approaches: 







As each^t^ent explains his method, elicit and list the assumptions they made: 
j^. If the opposlt^sides of a quadrilateral are parallel, it is a parallelogram* 
O If the opposite sides of a quadrilateral axr.e equal, it is a parallelogram. 
l^^ If one pair of sides of a quadrilateral are equal and parallel, it is a parallelogram, 
t^^ If the diagonals of a quadrilateral bisect each other, it is a parallelogram. 

Teacher: Kay we assume all these facts? 

Student: The first one is valid because it is the converse of the definition 
^ . and is automatically true. 

Student: The others are converses of theorems we proved yestexxiay and must be 
proved. 

Infoftial proofs (cgnmittee work is possible) will prove all three. list as 
theorems and make a list, "Methods of deducing a quadrilateral is a parallel- 
ogram" with 4 methods: 
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1. Show both pairs of alcfesll t ^ 

2. Show both pairs of sides 
3» Show one pai^ ■» and || 

4* Show diagonals bisect each other* 

Consider converses of other properties of parallelograms. 

a. If the opposite angles of a quadrilateral are equal, the figure is a 
parallelogram (true). 

b. If a diagonal of a quadrilateral divides the figure into two congruent 
triangles, the figure is a parallelogram (false). 

Note : This lesson can also be accomplished by laying sticks on the overhead 
project'or and forcing a parallelogram in the various ways. 



LESSONS 6, 7 and 8 

Alm s to provide practice with deduction exercises related to the parallelogram 
theorems 

to develop further methods of proving that quadrilaterals are rectangles, 
rhom^ses or squares 

In addition to the traditional deduction exercises found in textbooks, the 
teacher should include some constructions which are related to the theorems. 



i 



Suggested exercises: 

1. By making AD«BC and DC-AB, we can 
prove that AD | ) BC. This pro- 
vides an alternate rnethod of 
cuiibli-uuting a line through a 
given point parallel to a given 
line. 

2. By making AC-BC-AD-ED, we can 
prove that CD is the perpen- 
dicular bisector of,AB. What 
parallelogram property permits this 
conclusion? 

3. By makijng AC-BD and AD^BC, we can 
show tnat DC bisects AB. How? 



Methods of constructing a rhombus, rectangle or square may he related to methods 
of .proving that a quadrilateral is a rhombus, rectangle or square respectively. 
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Have the students study methods of provinp that quadrilaterals are rectangles i 
rhombuses or squares. The emphasis should be placed upon their respective 
definitions as the method most often used. Other methods deseirve mention and 
should be viewed as deduction exercises. Students should list these as new 
"How to deduce" methods. Some of these other methods are: 

If the diagonals of a parallelogram are equal, the figure is a rectangle. 
If a diagonal of a parallelogram bisects one of its angles, the figure is a 
rhombus. 

If the diagonals of a parallelogram are equal and perpendicular to each other 
the figure is a square. 




Suggested exercises: 

1. Given ABCD is a parallelogram 

a. Write an equation in x. 
Answer: lOx ♦ 2x + 6 ♦ 3x - 6 - 180 

b. Solve for x. 

Answer ; x ■ 12 -^c.^^ 

c. Find the three indicated angles. 
Answer: [k ^ 120O, ^ADB - 30^, ^HDC - 30^. 

2. Given ABCD is a parallelogram with diagonals intersecting at B, 

AE - 3x - 3y, ».2x ♦ EC - 12, BD - 30 

a. Form two equations in x and y. 

Answer ; 33c - 3y ■ 12 
2x 5y - 15 

b. Solve for x and y. 
Answer : x ■ 5; y * 1 

c. Is parallelogram ABCD a rectangle? Why? 

Answer : No, It is not a rectangle because the diagonals are not equal. 
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Al^rTo^deduce infonnaily that the base angi ^8 of an isosccloa trapezoid are eqml. 
To deduce informally that the diagonals cf an isoscelee trapezoid are equax. 



Development ; 

Have the students consider two methods of 
deducing that the base angles of an 
isosceles trapezoid cure equal. In one 
method perpendiculars are dropped ^om 
the ends of the smaller base onto the 
larger. Thus, a rectangle and two con* 
gruent triangles are produced, X%±« 
method is valuable in sol vii^g^ 'some ar^ 
problems involving isoscele^i tr^ezoids>) 



In the second method a line drawn 
through an end point of the smaller base 
parallel to the remote leg as shown in the 
diagram at the ri^t. Vhus, a parallelo- 
gram and a triangle, which can be proved/ 
isosceles, are formed. . 

Have the students deduce that the\diagonals 
The converse of this proposition i^suitaj: 

.Exercises may be found in any textbook. 





E 



an isosceles trapezoid are equal, 
for an honor or extra^i^jBdit problem. 



UNIT TEST 
QUADRILATSRALS 



1. Prom the terms quadrilateral, parallelogram, rectangle, rhcHnbas and square, 
choose the largest set for which it is true that 

a. The diagonals bisect each other. > 

b. The sum of its angles is 360^. * 

c. The diagonals bisect its angles. 

d. It is equiangular. 

e* The consecutiye angles are supplementary. ^ 

2* Deduce: If the opposite sides of a quadrilateral are equal, the quadrilateral 
is a parallelogram* 

3. ABCD is a parallelogram. What id^^iitium additional data would you need t6 
deduce thati 

a. it is a rectangle 

b. a rhombus 

c. a square 
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li« Qlveni ABCD is a parallelogram 
AE - CF 

Deduce: DEBP Is a paraUelogram. 



5. In this construction /A was bisectsd, 
BC was drawn || to AD^ and CD was then 
drawn II to BA, Prove that ABCD is a 
rhorobus* 



Note_l: One possible sequence is to teach Area right after Quadrilaterals • 
Hie Area sequence in tliiis spot enables one to avoid the difficult con- 
cepts of incommensurability in the postulate of the Similar Triangle 
Sequence. 

Note 2 : Maqy teachers prefer to introduce the topic of coordinate 
geometry here and use it, for contrast and simplification, wherever 
feasible for the rest of the year* Others prefer to postpone this 
unit until after the Pythagorean Theorem, since that makes the 
correspondence with real numbers more meaningful, as far as the 
irrationals are concerned. The poorer students enjoy this unit and 
there is an advantage in introducing it here. Teachers who wish to 
postpone it will easily be able to use these lessons in combination 
with the others which appear on pages 73, 90-92, 100-105, 110-113, 120. 
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VI. 



INTRODUCTION TO COORDINATE GEOMETRY - AN EXAMPLE OF ANOTHER POSTUUTIONAL SYSTEM 



Lesson 1 

^ Aim ; To introduce the fundamental postulate of coordinate geometry. 

To introduce basic definitions and theorems of this postulational system. 

Develoment : 

The fact that point is undefined has probably bothered students. Tell 
them about the effort of Descartes to locate a point in a plane by 
setting up a 1:1 correspondence between pairs of real numbers and 
points in the plane. Discuss the revolution in mathematics in the 
Seventeenth Century due to this marriage of algebra and geometry. 

Postulate: Every straight line may be considered as an infinite set of 
points which can be put into 1:1 corresoondence with the set of real 
numbers. This implies that we can select any point on the line and 
assign the number Zero to that point. This point is called the Origin, 0. 
We then select any other point , P, and assign to this point the number 1. 
Thus OP becomes the unit distance. It could be 1 inch, 1 centimeter, 
1 micron, 1 mile, 1 light year, etc. The unit on the blackboard will 
always be different from that in a notebook. Now, points A, B, C, D, etc. 
with the coordinates 3.6, 159, -2,\/5" etc. can readily be given positions 
on the line. 

Recall the number line of Ninth Year Mathematics. 

> < i I I I I I I I 

-5-4-3-2-101234 

and have students indicate the position of points M (3»6), N(^/5~), R(-2), etc 
The irrationality (inconmensurability ) of v/5 will be clarified later in 
the year. 

Thus, if we refer to a point K as having coordinate 'a', we mean the measure 
6f distance OK is the absolute value of the real number 'a'. Students 
will need to be shown that 'a* can be a negative number. We use the symbol 
|0K| to represent the di'stance from 0 to K. Thus, if a = -5, |0K| = 5. 

Now show that the Cart^fean Coordinate System, using two real number lines, 
perpendicular to each other at their common origin, associates every point 
in the plane with a pair of . real numbers. Show how (-2,3) and (3,-2) locate 
different points so must be different number pairs, and thus that the 
number pairs are 'ordered pairs. • 



Postulate: There is a 1:1 correspondence between the set of points in a plane 
and the set of ordered pairs of real numbers. 

Have students review the definitions of axes, x axis, y axis, coordinates, 
oixiirkite, abscissa. 

I 

Note that in this separate postulational system, we will accept all our 
postulates and theorems of Euclidean Geometry plus the two new postulates, 

A simple theorem of coordinate geometry is that in the coordinate grid, al^^ _ 
lines parallel to the Y axis (X axis) are. perpendic\ilar to the X axis (x axis J 
and are equally spaced. 

Also prove (informally) Lhe theorems: 

Two points with the same a.bscissa (ordinate) lie on a line parallel to the 
Y axis (X axis). 

The distance between two points with the same abscissa (ordinate) is equal 
to the absolute value of the difference of their ordiriates (abscissas). 

Represent this distance ^yjy2''yi| ^7 ""^il or Ax) 

Lessons 2 and 3 

Aim : To develop a method of finding the midpoint of a line segment if the segment 
is parallel to either axis. 

To apply coordinate geometry to exercises with specific points. 
Development : 

First, note a set of points like (5,7), (2,7), (-1>7), (8,7) etc. and 
evolve the idea of the equation of a line. 

The set of points (x,c) ^ere x is any real number and c ]^s a constant may be 
represented by the equation y ■ c. 

The set of points (c,y) where y is any real number and c is a constant may be 
represented by the equation x ■ c 

If a line segment is parallel to the Y-Axis (X-Axis), the ordinate (abscissa) of its 
midpoint may be found by averaging the ordinates (abscissas) of its endpoints 

yi ^ ^2 
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Suggested exercises; 



1. Plot (3,5), (9,5), and (6,8). Vfhat kind of a triangle is formed? 

Y 



At this stage, students cannot show that 
the triangle is isosceles by finding the 
lengths of its sides because they know 
only the lengths of line segments on a 
line parallel to an axis. 

What other ways have we of showing that 
a trian^i^le is isosceles? 



C(6,8) 




D(6\5) 



B(9,5) 



Students can write the explanation in 
paragraph form which is as essential to their tra:^ning as the demonstrative 
proof form. They need to quote reasons only when the reasons are not one of 
the theorems aud definitions of this unit. 



Acceptable student answer: 

Line CD-L AB and since D is (6,5). it is the midpoint of AB. Therefore, 
the triangle is isosceles because if the altitude to the base of a triangle 
bisects it, *he triangle is isosceles. (Another reason for the triangle being 
isosceles is any point on the perpendicular bisector of a line segment is 
equidistant from the ends of the line sagment.) 



D(5,7) 



2. Flot A(2,3), B(5,-l), C(8,3), D(r,7) 

a. Show A9CD is a parallelogram, 

b. Wliy isn*" it a rectap.::le? 

c. 'vvhat special parallelogran is it? *^y? 

Student thinks of the four^ways to prov:e 
fijcrure is a naLrall'?lop:rajn. Because the 
sides do not lie on lines parallel to the 
axes, he choos-^s to try tc show that the 
diagonals bisect each other. 



Acceptable student answer: 

AC (I X-Axis, and so its midpoint is iS)C^ 
BD i| Y-Axis, and so its midpo'int is ^(5,L ^ 

Therefore, A3CD is a parallelo^rajn because the diagonals have the same 
raidpoint, and "if the dia^^onal'l^ of a quadrilateral bisect each''other, it 
is a paral] 'ilogran.'* 

Kote: To obtain the midpoint of RD, the student must average 7 and -1. This 
helps to reinforce addition of signed numbers. Bright students can also 
explore another way of getting; the average of two numbers by splitting their 
difference. 
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b. AC is 6, DB is 8. Hence, the figiire is not a rectangle because the diagonalj 
are not equals 

Note: This is a good place to teach the meaning of contrapositive, 

c. AC and DB are perpendicular to each otlier. Therefore, ABCD is a rhombus 
because 'if the diagonals of a parallelogram are perpendicular, it is a 
rhombus. ' 

Note: If your class keeps a growinp list of the theorems which it has 
proved, the theorem used in c may well have been one of them, even though 
it is not listed as one of tKe theorems in the syllabns. 

Plot A(-3, -2), B(5, -2), C(9,3) fi(l,3). Why is ABCD a parallelogram? 

Y 

Th'? student may select the method of [nM i^ 

showing that one pair of sides are PLAaI} ;fC(9,3) 

equal and parallel, > j / 

A ' • / ■■- — '-^ 

A(-3..2)-^^ 1 ^8(^,-2) 



Draw x-2, x-7,y-l4,y*-l. Why is the closed figure formed a parallel- 
ogram? Wny is it a rectangle? 

Note: These lines may be called 'the 
locus of points which satisfy the 
equations x»2, x = 7, y"U, and 
y » -1,' provided that the word 
*locus" has been introduced earlier 
in the year. The first two locus 
theorems can be taught directly 
after "hypotenuse arm" theorem, 
thus giving students almost a full 
year's exposure to this difficult 
concept, ^t is reinforced here for 
the first^f many times during the 
year. Or, the concept of locus 
may be taught for the first time in 
this unit of work. 



I 




y*h 






Csi 
1 

. K 


1 

X 


^ 
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5. Write the equation of a line whose abscissa is always equal to its ordinate. 



Student response: x - y 

The teacher should have the students plot sevBral points to be sure they 
realize that the line contains infinitelj^ many such points. These points 
satisfy the equation x - y, and conversely, if two numbers x and y correspond- 
ing to a point satisfy the equation x ■ y, the point lies on this line. The 
equation of the line is therefore an algebraic representation of the locus of 
points whose abscissas are equal to their ordinates. ^ . 

In subsequent assigi oients, continue to develop this idea with examples such as: 
•Write the equation of a line whose ordinate is always two less than its 
abscissa," 

This exercise co\xld be postponed until the topic of locus is conpleted. 

Note : later in the year we will\use gener^ coordinates such as 
(a/b) and use the tools of cooroinate geoxnetxy to prove theorems 
instead of merely to do exercises such as 1-5 above. 
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VII. > 

CIRCLES 

ft 

Note: This unit may be ]^ost[X)ned until after simil^irity cind ^re'is, in v.iJch 
case the teacher 'will wish to eni-ich the unit with man^^ nimerical 
exercii:n:3j -iri'l originals involvin^;^ similarity in circles. 

Lesson 1 

f ' ' 

Aijn i to reinforce the understanding of the necessity of definitions and postulates 
in building up a deductive sequence 

to make evident the physical iBiportance of circles in our civilization 
to develop the idea of arc degrees 
to reach agreement on two- postulates 

Developwent i 

HavS'the students note the great strides mafii by mankind after he invented the wheel. 
Discuss the ljiiq>ortance of circles in civilization through their use in gears, pistons, 
cylinders, and so on. 

The students should state that they must decide upon a definition of what is a circle. 
Have them use their knowledge of what they do with con^^asses in drawing diaigrams 
of circles to arrive at the definition: 

A circle is the set of all points whose distance from a fixed point is ccmstanti 

It is necessary to inventory such familiar and previously defined terms as radius, 
central angle, arc, and diajwter. Insist upon the form which places each in its 
, superset. For example. 

An Arc is a ciorved line which is part of a circle. 

EaqperimentJ Draw two unequal circles. Put a 30° central angle in each with a 
protractor, (The purpose of this exercise is to get a tactile familiarity with 
the relationship between central angles and their intercepted arcs.) The drawings 
will reveal clearly that" the arcs which are intercepted are not equal. (Note that 
by equal we mean congruent.) 

\ XT? 

To reinforce this difference in lengths of arcs, draw a sphere to represent tne 
earth and show that a 30V central angle would intercept a very long arc on . a 
meridian. The' arc would be l/l2 the distance around the earth or about 2000 miles. 

Enrichment J Discuss the definition of latitude 
which involves central angles. Sketch on the 
blackboard; 
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Now, hare the students draw two equal circles with $0° central angles. They will 
agree that this time the arcs are equal (congruent). 

The students should now examine their two drawings - two unequal circles and two 
'equal circles. They should be led to realize that an arc degree is a fractional 
part / l\ of a circle. Thus, a 30° (30 angle degreesT' central angle intercept.s ax 
arc 355) which, is referred to as a 30° arc (30 arc degrees). The arc degree 
refers to the relative site of the arc as a fraction of the circle and it does not 
refer to the length ot arc. Thus, two arcs can have the sane number of arc degrees, 
but not be the same length. ^ * 

Also, two area can have.the same length without having ^he same number or a^c ^ 
d«ai4es Therefore, twi arcs may have the same measure (In degrees or in linear 
^rs! ;.g inches )'and still Jt be congruent. However, for two equal circles, 
equal arcs will also be congruent arcs. 

The arc degree is a new unit of measure and is used (a) in comparing the length 
of arc with the circumference and (b) in relating a central angle with its arc. 
VAien we wish to note that two arcs are equal in degrees, not in length, we will 

use the symbol ^ . 

The students can be led to the decision that the following should be postulated; 

Postulate: In the same, or equal circles, if two central angles are equal, then 
their arcs are equal. 

Postulate: In the same or equal circles, if two arcs are equ£^l, then their 
central angles are equal. 

Enrichment for those wiio teach similarity before' circles: Use the definition 
of a circle and the" distance formula to derive the equation of the circle. 



LESSON 2 

- - // 
Aim ; to e^q^lore another aathod of deducing that arcs are equal 

to select the most advantageous method in a particular situation 

Dev^lopraent i 

Experiments Divide a circle into six equal arcs* Some students will use six equal 
central angles because of the postulate chosen the previous day* Others will assume 
a new idea of equal chords and lay off the radius as a chord* They have done this 
in earlier grades, but were not aware that they were laying off a chord* The 
fact that it would take more than six radii if they were wrapped '^along the curve . 
Instead of laid off as chords is vital* It is necessary to draw attention 
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to the fact that vhen chords are laid off^ the students are assuming the proposition: 

./ ' ■ 

In the same or equal circled^ if the chords are equals then their arcs are equal* 

The class should readily suggest that this proposition should not be postulated since 
it is easily deducible from a previously accepted postulate. After oral proof, 
the class can add, in their notes on nethpds of deduction, a new list: 

Ways to deduce that arcs are equal: 

deduce that their cen'bral angles are equal 
deduce that' their chords are equal 

The conTerse.of the nev theorem can readily be deduced as an exercise and listed 
as a theorem. Ask the class, "What is the value of this nev theorem in a postula-* 
tional system?* They should respond that it gives them a new way to deduce that 
line segments are equal. Add to that list: 



If they are chords in a clx^le, deduce that their ar^s are equal* 



LE330M 3 

Aim : to reinforce yihe understanding .of sequence by developing the last theorem 
in the first/ of the h sequences of proofs listed in the syllabus 
to add a tl>^orem very useful for further explorations and deductions 

^ Developnient : 

E:]qperiment: Draw any circle and any chord CD, Drop a perpendicular from the 
center of the circle to CD, What do you discover? The students will quickly 
formolate the proposition that a line from the center, perpendicular to a chord, 
bisects the c^iord and both intercepted arcs* 

The deduplfion should be developed orally and then written^ Careful attention 
shoujjl^^ paid to selecting the best method from the list of ways to deduce that 
llni^segments are equal. Many students think "J^hat the two parts of the chords 
are chords themselres. 

The need for the use of the hypotenuse arm method of proving congruence should lead 
to a reexamination of the sequence of which this theorem is the last. 



THBORE34 

Diameter 
perpen- 
dicular 
to chord 
bisects 
chord. 



( 



THEOREM 

Two right 
trian&les 
are con- 
gruent if 
they agree 
in hypoten- 
use and arm. 





THEOREM 








SAA - SAA 



THEOREM 

Sum of the 
angles of 
a triangle 
equals 180^, 



THEOREM 

If lines are 
parallel, 
alternate 
interior 
angles are 
equal. 





POSTULATE 




If lines are 


parallel. 




c onre spond ing 




angles are 




equal. 



POSTULATE 
ASA - ASA 
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JLlBX to stiiwulata the imagination in InTsstigating a nw theorem and rarious 



rearrangoaants of it 



to apply it to numerical exercises 



Development : 



E35)eriinenti Find the center of this brqken wheel. 




1 



The method selected by many students will be an introduction to 'he variations 
of the theorem explored in lesson 3. The theorem involTsd four elenentsx 

passes throng the center A 



Notice that the original theorem of Lesson 3 can be written as, "If A and B, 
then C and D." 

Students will enjoy listing all possible variations in this symbolic way, 
such as, "If A and C, then B and D," etc. Then have the students -translate 
their symbolic propositions into English. 

The experiment uses B and C as hypothesis and A as conclusion. 
Two of the important variations are: 

If a line bisects a chord and its arcs, it passes through the center of the 
circle and is perpendicular to the chord. 

If a llne^ throu^ the center bisects the arcs of a chord, it is perpendicular 
to the chord and bisects it. 

The proofs can be analyzed informally with one assigned to each row of students. 
They will then report to the class as a whole. It is necessary to shew that to 
prove a line is a diameter, we nust sho^r that it divides the circle Into two equal 



Note that the conrbruction for finding the missing center of a circle is an appli- 
cation of the locus theorems . 

The locus of all points equidistant from the ends of a line segment is the 
perpendicular bisector of that line segDaent. 



perpendicular 
bisects chord . 
bisects arcs 



B 
C 
D 



arcs* 



Note: nils locus theorem was introduced earlier in the year («^er hypotenuse az«) 
axid this is a good place to review the idea since students find locus ideas difficult. 



TEST 






1. Stat« the theorem or postulate to Justify the conclusion and label your anflfver 
as a theorem ojr a postulate. (Parts marked equal are given as equal •) 

/C 

g • Conclusion I b. Conclusion i 

A \ CD passes thiwi^ the 

center of the circle. 



2« ArrangeSin the sequence in which they were accepted or proved, and classify 
each as a definition, postulate, or theorem. 

a« If a diameter is perpendicular to a chord, it bisects the chord. 

If 2 triangles agree In ASA, they are congruent* 
c» If two ri^t triangles agree in hypotenuse arm, they are congruent • 
d» If 2 triangles agree An SAA, they are congruent. 
e« The sun of the angles of any triangle is 180^, 

3. Describe the process of finding the center of a given circle iir terms of the 
locus theorem involved. 

An original proof in which arcs btb to be deduced equal. (See any standard text*) 
An original proof in which chords are to be deduced equal. (See any standard text.) 

Lesson 5 

Aim: To establish the relations between chords and their distances from the 
center. 

To add a new way to deduce that line segments are equal. 
Develoment : ^ 

Experiment: Have each member of the class draw as ifet/^chords of fixed 
length as he wishes in a circle. 

The appearance of an inner circle will 
please and surprise students. (Some 
will enjoy doing the same with curve 
stitching at home.) A curve fomed 
without drawing it by an infinite set 
of lines is called an envelope. 
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Die mathematical in^llcatlon that these chords are aH 
equally distant from the center is reinforced if the 
teacher draws a diagram on the board with a longer 
chord spoiling the picture. It will be neceasary to 
review what is meant by distance from a point to a 
line. 

Have the students deduce informally and list as theoreifts: 

If 'Chords are equal, then they are equally distant from the center. 
If chords are equally distant from the center, then they are equal. 



Add to the list of ways to deduce that lines are equal i 

If they are chords of a circle, deduce that they are equally distant from 
the center. 

Note: If similarity is taught before circles, exercises should include many nvunericals 
in which the Pythagorean Theorem is applied to distances from the center of 
the circle. 



Aljtn to apply the new ways (see lesson $) to deduce that line segments are equal 
to analyze original exercises which require ^the students to make a vise 
selection of ways to deduce line segments equal in circles 

Derelopmepti 



LESSON 6 



Suggested exercises: 



1# Oiveni Circle A - Cii-cle B 
AB II CP 



Deduce I CD « EF 




Plan: Shew the line segments are 

equidistant from t fc centers. 



Note: This ecercise also serves as a good review of ways to show a quadrilateral 
is a parallelogram. 



2. Given; Concentric circles 



Deduce; AB « CD 



Plan: Use diameter perpendicular 
to chord and subtract. 




3. See starxlard textbook for other exercises. 
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Le39on 7 

Aim : To introduce the tangent. 

To develop the [ostulate: "If a line is tangent to a circle;, th^n it is 
peri^endicular to the radius drami to the joint of coi\tact . " 
■ To develo]> tiie theorem, '»If a line is perpendicular to a radius at its 
outer extremity, t^ien it is a tangent to the circle." 

Development : 

Have the students consider mud or sparks being thrown off tangent to a 
wheel. They should arrive at the definition: 

A tangent to a circle is a line which has only one point in common with ^ 
the circle. 



E3q)eriinenti Have the students draw a circle and lines which they consider to be 
tangent to the given circle. Have them draw the radii to these lines. The students 
will agree that the lines appear to be perpendicular to the radius drawn to the 
point of contact. They may then postulate: 

If a line is a tangent to a circle, then it is perpendicular to the radius 
drawn to the point of contact. 

Experiment: Erect a perpendicular to radius OA 
at point A. The students will agree that this 
perpendicular will have only one point in com- 
mon with the circle, and is, therefore, tangent 
to the circle. 

Note I The students may want to postulate that "a line perpendic;ular to a radius 
at its extremity is tangent to the circle." However, the sttftwient may be deduced. 



4 










A(r,D) 



0/1 is the shortest distance from 0 to the tangent because it is the perpendicular. 
Any other line from 0 to the tangent, being longer than OA, must meet the tangent 
outside the circle. 

If similarity is taught before circles, the following pi^of by coordinate 
geometry could be used instead. 



r2 



Oiveni Circle 0 whose equation is ♦ ~ 

A line perpendicular to radius OA where A (r,o). 



Since the line is perpendicular to the X-^Axfs, its equation is x ■ r. 
Solving the equations of line and circle slmaltaneously: 



y2 -,2 



-0 



- 0 



The only point of intersection is (r,0). Thei*efore, the line is tangent. 



LESSON 8 



\ 

Aim I to develop several theorems concerning tangents 
to apply these to exercises 

Development } 

Sxpertmentt Construct a tangent to circle 0 at P and also at Q« 

What do you discover? 

The discussion conqemlng the resulting 
kite figtire will bring out a number of 
easily deduced ideas t 




Th4--tangents are equal. (Define "length of tangent" as distance from outside 

point to point of corftact.) 

The opposite angles are supplementary. 

The line to the center bisects the angle between the tangents. 
TVie line to the center is the perpendicular bisector of the chord. 
(Review again the idea of locus.) 

These are to be listed as theorems after informal proof. 

What happens as we move the point of intersection of the tangents closer to the 
circle? Farther av^y? 

If similarity preced^Ss^ircles, have students now do exercises in which the 
Pythagorean Theorem and equal tangents are involved. 



TEST 



1. a. Select P and Q so ^POQ will eqpial 60^. 
b« Construct tangents, to the circle at 
P and meeting at M. 

c. Find ^mj. 

d. Deduce that OM is the perpendicular 
bisector of PQ. 



2. Given: RP and TP tangent to circles 0 and 3 
a. Deduce: RN « TU 



3« An exercise in proving chords equal. See 
any standard text. 
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LESSONS 9 anfmo 



Aim ; to introduce^^^gle measurement in circles 

to examine th^s^lationahips between angles in a circle and their area 

Derelopment ; 

Notci It is advantageous, Ni^en possible, to present such a topic oxperinentally. 
The students should discove^tiertain propositions, note their significance and 
application, and try to ai*rang« the propositions in a deductive sequence. 

Have available a wooden model of circle 
with nails projecting from it, perpendicu- 
lar to the plane of tho circle, and^oually 
spaced as shown in the diagram at the^kight. 
Nails should be placed every 1$^ 50 that^the 
students can read off the number of degrees 
in an arc* 




It is also possible (twt less effective) to trace a blackboard protractor on the 
board. "Vi^ 

If your school haa a polar coordinate stencil graph chart, it has 360 in 
the outer circle making ijt very easy to read off degrees in any arc. j^-^ 

Have the students recall that various arcs of 30*^ (30 arc degrees) may be unequal 
in length. (See lesson 1 of this chapter.) The symbol- indicates arcs are 



equal in arc degrees, but not necessarily in length. 
John" meaning "James and John are the same height." 



Coiqjare this to "James 



Have the students recall that a 30^ central angle (30 angle degrees) intercepts 
an arc which is of the circumference or is refera^ed to as a 30 arc (30 arc 
degrees). Is there always a relationship between angles formed by lines in a 
circle and their arcs? Let us investigate various possibilities. 



Claas will suggest various possibilities. Show these possibilities with rubber 
bftnds stretched between nails on the wooden model. 




ERIC 



In each case, have the students come to the iiodel, measure the angle vlth a 
protractor, and read off the arcs by means of the nails. List the relationships 
as they are discovered (in any order). Class should suggest trying at least 
3 different positions of the lines in each case. Mention the need for a fair 
sampling. 

The angle formed by two chords Intersecting within the circle presents an interest- 
ing challenge. The results might appear asJ 



/ 


'ab 


■ CD 


30° 




15° 


60° 




75° 


128^ 


75° 


180° 






The results should suggest averaging the arcs. The idea of an arithaetic mean 
has already been studied in the coordinate geometry unit on the midpoint of a line 
se gment . 

By the end of lesson 10, the class should have compiled a list of the relationships 
which they have discovered: 

An angle formed by two chords intersecting inside the circle is equal in degrees 
to the average of its arcs. 

An angle formed by two secants (tangent secant, two tangents) is equal in degrees 
to half the difference of its arcs (lateijcepted) . 

An angle formed by a tangent and a chord is equal in degrees to half its arc. 
An inscribed angle is equal in degrees to half its arc. 
A central angle is equal in degrees to its arc. 



LESSON 11 



Alm t to apply the angle and arc relationships discovered in It^ssons 9 and 10. 
Development i 

Note: Exercises, Including many which involve some use of algebra, may be found 
in any standard text and in previous New York State Regents examinations. These 
exercises also will provide a review of many principles Introduced earlier. 

Exercises involving Pythagorean Theorem and trigonometry should also be provided^ 

if similarity prec^es circles. 
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Suggested exercise: 



DF Is diameter of circle 0 




7 


B 




DE Is a tangent, DE || AC 
BF - liOO, /C - 20° 


/ ^ 
( 0 


1 




— ^ 


Find: ^1, 'S, /CDE, /SBR 








E 



LESSONS 12 and 13 

Aim; to rearrange the angle and arc relationships discovered in lessons 9 and 10 
into a postxilational sequence 

Perelopment ; 

Have the students consider vihich of the five relationships would be best chosen 
as a postulate. The students can be guided to see that - '^A central angle is 
equal in degrees to its arc** - is the relationship which should be selected as 
the postulate since it seems to contain the minimum assumption. Whatever facts 
ajre given, the center will be one of them. / 

An examination of the diagrams involving angles and circles will reveal that the 
relationships seem to be /easily associated with the inscribed angle^ Therefore, 
this theorem should be deduced next after the postulate. It will probably be 
necessary to suggest the separation of the inscribed angle theorem into three cases, 
since this is the first time gtudents have met this device. Students may argue 
that this is reasoning from a special case. The ^ teacher should point out that 
this is acceptable sine* every possible case is discussed. The usual error is 
precisely an error in not considering every possible case. 

Note: Students may suggest other orders and, for enrichment, they may try them 
at home. 

The deductions In this sequence illustrate a sirirole postulational system* They 
may be called for on the Regents examination • The four required 
deductions should be written by the students at home using letters other than 
those used in class^ These deductions should be carefully checked. 

Note: The tangent chord theorem is a side branch of the sequence and its deduction 
is not listed as 'required', but it should be done informally. 



LESSON 14 

Aim ; to show that these angle and arc relationships are in reality all special 
cases of one general formula: 

An angle formed by two lines in a circle is equal in degrees to the 
average of its arcs. 
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D#Tilopa»at i 

Um the vooden nodal or diagrams* 
Have Ute students realise that the 
central angle is half the sun of tvo 
equal arcs (average of the arcs)* 

As E (point of intersection) moves airay 
from the center, one of the ai^s (BD) i 
decreases. 

The arc (BD) becomes aero vhen B Is on 
the circle. 

The arc (ED) reappears as E mol^s outside 
of the circle. Students vUl often suggest 
that the arc BD which decreased to aero 
and ncv reappeared should be considered 
negative. Thus, the one formula irill 
apply to all cases. (The tangent chord 
and secant tangent should also be included.) 



LESS0H15 




A imt to add to the lists of "Ways to ded\ice that arcs are equal" and "Ways to 
deduce that angles are equal," the new wsys arising from the angle 
measurement sequence 

to deduce that an angle inscribed in a semicircle is a ri^t ngle 
to apply these to exercises 

Development I 

Have the students consider and ^ 
in the diagram at the right. They 
will be able to deduce that the angles 
are equal. 

Have them next consider ^3 and ./7 in the 
diagram at the right. Is ^3 « ^Tt 

The following theorem should be listed j 

Inscxribed angles measured by the saaa or equal arcs are equal. 

Many cases can be handled algebraically. The angles will be equal when shown to 
be equal to the sane expression. 

These theorems should be added to "How to deduce. lists. 

Have them deduce that an angle inscribed in a semicircle is a right angle. 
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LESSON 16 



Aia: To develop two ways of constructing a tangent to a circle, 
Develoment : 

Experiment : Point P is on circle 0, Construct a tangent to 0 at P. (This is a 
direct application of the theorem that a line perpendicular to a radiiis at its 
outer extremity is. tangent to th^ circle*)' 

Experiment : Point P is outside circle 0. Construct a tangent to 0 from P. This 
is a real challenge and a good place to teach the method of analyzing a constructi6n 
by sketching the finished product. Students will suggest that to get the necessary 
right angle at the point of contact, they need a semicircle with OP as diameter. 



1. Arrange thesie theorems, definitions, and postulates in the sequence in which 
ve accepted and deduced them: 

a. The sun of the angles of a triangle is 180^. 

b«/The angle between two chords is equal in degrees to half the sum of its arcs* 
c» A central angle is equal in degrees to its arc. 

d. An exterior angle of a triangle is the sum of the remote interrior ang?.es. 
o« An inscribed angle is equal in degrees to half its arc. \^ ^ 

2« Deduce: An angle between a tangent and a secant is equal in degrees to half the 
difference of its arcs. 

3* Discuss the method we used to deduce the ''Inscribed angle" theorem, and explain 
why the method used is not an error in reasoning (reasoning from a special case) 



UNIT TEST 



CIRCLES 
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VIII. 



SIMILARITY 



LESSON 1 

Aim : to define similar polyg^ons 

to define and use ratio and proportion 

to develop that in a proportion the product of the extremes equals the 
product of the means 

Development ; 

This lesson may be introduced with a reference to the fact that the class up 
to now has given considerable attention to the study of congruent polygons - 
polygons which have the same size and the same shape. Have the students note 
that the symbol ^consist.? of two parts: « representing the saTie size, and — 
representing the same shape. It is now proposed to consider each of the two 
facets of congruence separately. In this unit we consider figures which have 
only the sahe shape (called similar fij^reg) and in a later unit we will study 
figures which have only the sarae size (that is, ax*e equal in area). 

Have the students suggest situations in which they have encountei^ed similar 
figures (scale drawings, photo (enlargements, blueprints, maps, scale models, 
and so on ) . 

What mathematical relationships appear to exist between the corresponding paA^s 
of similar fibres? In order to describe the relationship, the word ratio 
will be introd^jced. Its definition as the quotient representing the relative 
size of two qyl^tities should be introduced at this point. To develop the 
meaning of r^io, th? students ahould be asked to fijid the r&ti^o in such 
exercises as the following: 

number, of boys to the number of girls in the class 

number of girls^ to the number of boys in the class 

number of boys to the total number of students in the class 

2" to 1» . * , 




To have students arrive at a precise definition of similar polygons, the follow- 
ing experiment should be performed: 

Draw a rectangle with length 2" and width l** ' 

Construct a figure of the same shape but having its \l^ngth 3'^. 

What two relationships between parts was it necessary to arrange in order to 
secure the same shape? Would .ev&ry rectangle be similar to every other rectangle 
since their angles are all equal? Would a rectangle with l** and 2^ sides be 
similar to a parallelogram with 1^^ and sides? . 

I 

The definition of similar polygons as polygons in which (l) corresponding angleti 
are equal and (2) the ratios of corresponding sides are equal, should then follow. 

No* -I Jn arriving at the definition of similar polygon«, the teacher will 
fuid a need for a much more careful development of the notion of 
corresponding angles and coirresponding sides than was the caae with congx*uent 
triangles. If it is possible to name two polygons ABCEE..«.and A'B'C'I'E*... 
in such a way that ^A-^AM, ^B-/B»,«.., then /A and /A», /B and ^B»,... \ 
are what we mean by corresponding angles, and AB and A'B', BC and B'C%..« 
are what we mean by coiresponding sides. . 

The definition of similar polygons given here contains more Information than 
is necessary. Occasionally, a bright student may ipoint out that he needed only 
to construct two of thee angles and three of the sides, or two of the aides and 
three of the angles in Ids new rectangle to insure similarity. He should be told 
that convention haj dictated the adoption of ,this definition to effect an economy 
of language description rather than an economy of , mathematical requirements. From 
the conventional definition it will be deduced lateip that fewer properties are needed 
to show polygons similar. If this issue does not arise spontaneously at this time, 
it v^ould be wi^ for the tether not to inject St. Later studies (the constancy 
of t.ne angle sum for a polygon of a fixed number of sides) will provide opportuni- 
ties for appropriate questions on how their implications will affect the definition 
of similar polygons. ^' 

The equal ratios of the sides of similar polygons leads naturally to the definition 
of a proportion as the statement that two ratios are equal. Students frequently 
confuse the terms ratio and prbportipn in using them. It should be emphasized 
. that a ratio compares two terms while four terras are Involved in ^^^ff^^roportion. 
The number of boys to girls in our class is a certain ratio . If the ratio of the 
number of beys to girls in the class next door is the sam** as in ours, then boys 
and girls of both classes are in proportion . , 

V This, terms means , extremes, and f oxirth proportional should be introduced at this 
point. They are best explained from a proportion written in the form a:b * c:d, 
biit students should be told that a . c is usually a better torm with which to work. 

Have the students examine numerical proportions (2/U - 6/l2) to discover the 
relation of means to extremes. This should lead to the generalization vhat in 
a proportion, the product of the means equals "^he product of the extremes. This 
law shoul(^ be deduced by getting the class to suggest multiplying both members of 
the generalized proportion a ^ c by bd. 
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The law should then be applied in numerical and algebraic situations. Suggested 
exercises: 

1. Is 3 « h a true proportion? 

7 TT73 

2. Find the fourth proportional to 3^ and 12, 

3* Find x: x - 3 . U. 

10 ^ 

LESSON 2 

Aim ; to postulate the proportional division of two sides of a triangle by a 
line parallel to the third side 

to use the postulate in developing the transformations of proportions. 
Development ; 

Ebq)eriment: Have the cl^ss draw'^a triangle (not isosceles) with a line parallel 
to one side of the triangle intersecting the other two sides. The four segnents 
into i#hich the intersected sides are cut should then be measured (use a milli- 
meter scale to do this to avoid the difficulties that result from^the fractional 
parts when the incn scale is used). Is there any apparent relation between the 
four segments? 

Note : The "experiment is easily done on the overhead projector with the teacher 
indicating > the readings on a transparent millimeter ruler or a homeirBde acetate 
marked sti^ight edge. 

From the experiment, students should aiT:ive at the generalization that "If a line 
is parallel to one side of a triangle and intersects the other two sides, it 
divides them proportionally." We have no previously established method for 
deriving a proportion, other than from the sides of similar polygons . (where the 
proportion is needed to establish the similarity). Therefore, we cannot deduce 
this generalization from 'anything . previously established and must list it as a 
postulate. 

Note to teacher : In fac^, this proposition is even more of an assumption than - 
we have brought out here. The ^whole idea that any two lines could be' measured, 
using the same unit^if only the unit, chosen were small enji]£;;n, was at first assumed 
by the Greeks, and the fact that this cannot be done when the ratio of the lenlgtlis 
is irrational (incommensurable) came as a shock to the Pythagorean School. 
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A new list, ^sys to deduce lines proportional," should now be started. "Showing 
that^ they are corresponding sides of siinilar polygons^ and "showing that a line 
cutting two sides of a triangle is parallel to the third side" are entered in 
this list. 



Have students consider a numerical application 
ot the above (see diagram). Clearly, 5/3 - 10/6. 
Ai|e there any other true proportions connecting 
the segments? By experimentation with these 
numbers students will find that 5/10 - 3/6, 
5/8 « 10/16, and so on. It is also instructive 
to have pupils Consider cases that "do not work" 
(5/10 ^ 6/3 and 5/6/ IO/3). This will lead 
t^em to formulate the need for a correspondence 
in location of those segments whose sizes are 
shr-m in corresponding positions in the equal 
ratios, ^labeling the segments a, b, c, and 

the numerical examples above should be 
generalized as: 




(1) If a =, c then b « d. 

b d a F 

(2) If ■ a „ c then a . b, 

b d c d 

(3) If a c then a b „ c d , 

^ d b d 



If time permits, brief informal proofs cah be given for the above. In (l) 
multiply both sides by bd and then divide bcth sides by ac. In (2) take product 
of means and extremes and divide by cd. In (3) add 1 to each side of the original. 

Note: In view of the above transformations, it is not necessary to distinguish 
between the sides of a triangle beinp; divided '*in, proport.ion" and "proportionally." 

Have the students do numerical exercises in which the "line parallel to a side of 
a triangle" postulate is involved. Exercises such as the following may be found 
in any textbook. 

If H) = 6, DA = 3, BC = 12 and DE is , /V 
parallel to AC, fin^ SE. / 




% D 



LESSON 3 

Aim : ,to develop that three or more parallel lines divide transversals proportionally 
to develop that three or more parallel lines cutting off equal segments on 
one transversal cut off equal segments on every transversal 
to divide a line into any number of equal parts 

Development : 

Have the students draw trianp:le ABC with 
two lines parallel to BC instead of one as 
in lesson 2, '^^hat relationship between 
a, b, c, d, e, and f would you expect? 
Verily by measurinc^ 




Have the students imagine triangle ABC 

is "stretched" by moving AC parallel to 

itself until it assumes the position 

A'C'^ a, b, c, d, e, and f are not 

altered in size. Class discussion will 

lead to the proposition "three or more 
p aralleliines intercept proportional segments on two transversals." This 
postulate should now be added to the list of '^ays to deduce a proportion." 

If you prove the proposition, list it as a theorem. 

Now have the students suppose that a, b, and c of the figure are all equal. 
,Vfhat must follow about the seizes of d, e, and- f? The corollary that "If three 
or more parallel lines cut off equal segments or one transversal, they cut off 
e^qual segments on eveiy transversal" should be elicited. This should now be 
added to the list ox"* "Ways to deduce line segments equal." 

Experiment: Have the studenlJl take a piece of paper with an edge about 4" long, 
and divide this edge into 5 equal parts without using ruler or compasses. Have 
them measure the third angles and the sides, and note that the corresponding 
angles have been forced to be equal, and the corresponding sides to be propor- 
tional by merely copying two angles. The generalization that, "It seems as if 
two triangles are similar if they agree in two angles," can now be rrade. (Hint: 
You nay use any lined paper you have in your notebook to help you.) V^hen this is 
solved, the teacher should elicit the. two properties possessed by the lined 
paper that made it possible to do this (the lines are parallel and they are 
equally spaced from one another). 

The results from the above experiment should now be applied to dividing a line 
segment into any number of equal parts using straightedge and comjasses. The 
students should be capable of developing this construction themselves -if the 
teacher's questioning Idads them to appreciate the need for the equally spaced 
parallel lines and tliat the^ endpoints of the segment to be divided must lie on 
tlie first and last of these lines. 
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LESSONS $ and 6 



Aim : ta discover methods for makinn triangles similar 
to deduce the siioplest method (angles equal) 
to apply this theorem in deducing triangles are similar 
to apply this theorem in deducing proportions 
to apply this theorem in deducing the equality of products 
to deduce certain corollaries 

Development : , 

Have the students review the defijiition of similar polygons. They should now be 
asked to draw a trianc:le and to consider the problem of making a trian^^le similar . 
to it. Since the definition involves equal angles and proportional sides, a third 
of the class can be assigned to begin their att^ujk on the problem by making angles 
equal (with protractors or compasses) j a second group shouid begin to work by 
doubling corresponding sides; and a third group should try some combination of 
equal angles and proportional sides. 

It will become apparent to the first group that the required triangle is fully 
determined as soon as two angles are made equal to those in the original triann:le 
and that there is no need to construct the third angle or to take any steps to 
insure that the sides are in the same ratio. The generalization that "Two 
triangles are sijuilar if they agree in two angles" can now be made. 

With the help of some questions by the teacher, the second group can also be 
led to see that their triangle is fully determined when they have its^ sides, 
and therefore there is no need to attack the problem of making the angles equal. 
What generalization results? Finally, the last group can see that the con- 
struction of one angle and its including sides will also determine a triangle 
that meets the requirements. 

Students should be asked to coirqpare this situation involving , similar triangles 
with that of congi^uent triangles. , The definition of congruent triangles 
requires the equality of six pairs of parts, but it was deduced that the equality 
of three pairs of certain parts would suffice to establish congruence. 

Which of the th^^ee new methods for constructing similar triangles appears to be 
sljrplest? Since the first method involves the fewest elements, the question can 
be raised as to whether all the conditions in the coirplete definition of similar 
triangles can be deduced from the equality of Just two pairs of angles. It should 
be emphasized to students that the equality of 'angles alone will not guarantee 
slnilarity of polygons other than triangles (coit5)are a square, and a non-square 
rectangle, for example). 

In attempting to deduce the AA - AA proposition, students, will'' readily see why 
the third pair of angles are equal. They should now .note that we have only one 
previously established way to deduce the proportionality of sides. Manipulation 
of a pair of similar triangles cut out of cardboard will suggest the placement 
of triangles so that a line is parallel to one side of a triangle. The deductive 
proof then follows. 

Note: The proof required in the New York State syllabus as well as that given 
in miny texts is the one for AAA - AAA, rather than for AA - AA. Students should 
be asked how they would modify' their proof if they were asked to prove the former 
proposition. 
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Two pairs of angles equal can now be placed in the ll3t, "Ways to deduce triangles 
are similai-." 

Have the students do sirr^Dle deductive exercises proving triangles similar using 
AA • AA. One of these exercises should be the deducing of the corollary that 
"A line parallel to one side of a triangle cuts off a triangle similar to the 
original triangle. Tliis proposition should be added to the list of »»Way3 to 
deduce that triangles are similar.'' 

Enrichment: The corollary can also be used to ejq?lain the principle which is used 
in the pantograph to construct similar figures. 

Have the students now consider exercises in which it is required to deduce line 
segments proportional. In order to get a correct proportion, corresponding 
sides of similar triangles must be selected. It should be stressed that corres- 
ponding sides are opposite equal angles. Maricing the equal angles on the 
figure as they are proved equal is therefore a "must." Since two pairs of equal 
angles will be marked in using AA - AA, the remaining unmarked pair also represent 
a set of corresponding angles. 

Students may also have a problem in determining which triangles to sele6t to 
prove similar in order to deduce a particular proportion. Since two aides of one 
of the triangles appear in the numerators, and two sides ofHhe other appear in 
the denominator's of the proportion, the vertices of the required trtlangles are 
determined by .he letters in the numerators and denominators respectively. 



Note: In the of a "transformed" proportion, two sides of the j3ame triangle ^ 

may ar?ea" ->ne ratio, and the corresponding sides of the othei*^,trianf^le in 
the othe i.atio. In this case, the vertices in each ratio will determine the 
names of the triangles to be deduced similar. 

The students should be led to u2bderstand the value of analyzing the proportion 
to be deduced. They should write a plan indie: ting which triangles have been 
selected to be proved similar. It is also good practice to have the students 
draw their diagrams in pencil and outline the selected triangles either with two 
different colored pencils or in ink. They might use a solid ink line for one 
triangle, and a dotted ink line for the othfer. 

Suggested ic'XBrcLse: 

Given: ^ ABC with altitudes BD and AE 

Deduce: AC^^ 

Plan: (1)AAPB ^ABCD to be deduced by 
(student then outlines these /Xs) 

(2) AA - AA 
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As another exercise, the students should be'^asked to consider the relationship 
of corresponding altitudes in similar triangles* It should be deduced that they 
ara In the san© ratio as any two corresponding sides, and this fact added to 
''Ways to deduce that lines are proportional," 

The exercises in which line segments were proportional should next be extended 
to involve the deduction that two produ.cts are equal. Presentation of such 
exercises without any special preparation of the class will usually elicit the 
student suggestion that such an equality of products will result if the product 
of the means and product of the extremes are taken in a proportion. The 
proportion that "If the product of two numbers is equal to the product of another 
two numbers, then either pair can be made the means and the other pair the 
extremes of a proportion" can be shown to hold by dividing both sides of ab « cd 
Ijy be, and so on. 

Students sHould a^^ply this proposition as part of the analysis of exercises 
involving equal products. The- analysis results in a plan to deduce a certain 
proportion, a certain pair of triangles are similar, and usually that the triangles 
are similar because of AA » AA. 

Suggested exercise: 

Gdven: A ABC with altitudes BD and AE 

Deduce: AC x HD « AE x BC 

Plan: (l) fjf^XE to be deduced by 
ST W 




(2) getting A ACE ^ A BCD to be deduced by 
(student then outlines these As) 

(3) AA - AA 



Have the students consider numerical and algebraic exerciiaes involving cor^tation 
to f xnd the length if the sides of similar triangles. These exercises should 
include some involving indirect measurement by similar figures and some ^plica- 
tions to scale drawinf^s. - 

^ggested exercises: 

1* Find the height of a tree if it casts a shadow 70' long at the same time that 
a 5' pole casts a 7' shadow. 



2. Find the value of x in the 
diagram to the right. 




3. In a 3cale drawing, a 3" line is used to represent a side of a triangle that is 
actually 20' long. What length should be used in the drawing to show a second 
• ! side of the trianple which is 35 • long? 

./ 
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LESSONS 7 and 8 




Alm t to study relationships batveen segments of chords; secants^ and- tangents 

Derelopmant t ^ 

Experiment > P is any point on AB. / ^""P — 

As AB rotates about what 
happens to Its segments? 

Students vlll readily note that as one segment of the chord grows, the otiwr\ 
shrinks. Measure two cases and note that the product Is constant* ^^^"^^ 

Teacheri Is It necessary for the product to be constant just because one 

grows when the other shrinks? 
Student! Not unless they are In proportion. 

This suggests "similar figures, and the Informal proof Is i^adily obtained. List 
theoroAS 

If two chords intersect within a circle, the product of the segments of one 
equals the pi*oduct of the segments of the other. 

What wduld be the effect of pulling 
P outside the circle? 





Students may prefer deduction to experiment 
this tim. Prore Informally and list 
theorem: 

If two secants meet outside a circle, the product of one secant and Its 
external segment Is equal to the product of the other secant and Its 
extemal segment. 

Suggested exercises i 

Apply both theoreftvs to algebraic exercises, 

1. A secant Is drawn to a circle from an outside point and has an internal 
segment of 5 inches. Another secant from the same point has an internal 
segment of 9 inches and an extemal segment of 3 inches. Find the external 
segment of the first secant. 

2. In a circle^ chords AB and CD intersect at e\ If iv£ = 10, EB = 4, and DE 
exceeds EC by 3, find EC. 

Move P so that one of the secants becones a tangent. What happens to tlie 
segments? Theorem should therefore beconie: 

'»If a tangent and a secant are drawn to a circle from the sajne external point, 
the square of the tangent is tha product of the secant and its external 
segment." 

'\ 

Deduction is assigned as an original ej:ercise: 

Suggested exercise: A tangent and a seo-int are drawn to a circle from an external 
point. If the tangent is 9, and the internal segment of the secant is 2A, find 
the exterrial segment of 'the secant. 

O 
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LESSONS 9 and 10 



Alro ; to discover the converse of the proposition concerning a line parallel to 
one side of a triangle 

to use the converse to deduce that "two triangles are similar if an angle 
of one triangle is equal to an angle oftiB other triangle and the sides 
including these angles are in proportion" 

to deduce "a line joining rr^Ldpoints of two sides of a triangle is parallel 
to the third side and equal to one half of it" 
to apply the theorems to exercises. 

Development t 

•» 

Experiment: Take a triangle (preferably non-isosceles) and divide two of the aides 
(by inspection) into 3 Qr U equal parts. Connect a p^r of corresponding points 
of division so that both sides are cut in the same ratio (such as 1:2 or lO)^ and 
idote the relationship of the joining line to the third side of the triangle* The 
general !<: at ion that a line dividing two sides of a triangle proportionally is 
parallel to the third side should be postulated • It can be added to the list 
'*Ways to deduce that lines are parallel," 

Have the students realize that line segments in proportion were used to suggest 
the abov^ postulate. Raise the question of whether line segments in proportion 
can also be .used to deduce triangles similar. Students should recall or repeat 
the experiment of the first lesson" dealing with similar triangles. Each student 
drew a triangle and constructed a triangle similar to it based upon the definition 
of 'similar polygons, A group of students copied one angle and made the sides 
fomiing the angle into equal ratios (by doubling, halving, or tripling each), , 
It became apparent that the similar triangle was determined by constructing the 
three 'parts, and thus making' it unnecessary to construct any Of the other 
relationships required in the definition. 

Note: The deduction of the theorem, "Two triangles are similar if an angle of 
one is equal to an angle of the,' other and the including sides are proportional,* 
is not required in the State syllabus. However, it is advisable to dp it In 
class since it begins in the same manner as the AA = AA deduction and will help to 
emphasize certain aspects of the former. (Why cannot any angle be superimposed 
on the corresponding one in the new ^proposition?) 

This similarity theorem, may be used to explain the principle of proportional 
dividers in which pin E is adjusted so that 
AE:BC » BE:ED, and in which a pair of equal 

vertical angles always occurs, V.^^^'^^s^^^ ^ — 



Studtnti ahouldf now ba aaked to consider what faq>ts appear to be tr\ie when a line 
ia drawn Joi^iiing ,tha midpoints of two sides of a triangle. The proposition that 
"4 lin% Joining tha midpoints of two sicfl^s of a triangle is parallel to the third 
3idt and fqual to ona half of it" can be deduced very readily from, the secoAd 
similarity theorem. It should be. added to "Ways to prove lines pai;;allel" and 
applied to both deduction exercises and to numerical exercises. 

The theorem '•A line joiritng the midpoints of 
two sides of a triangle,./' may be used in 
connection with the deduction of "two 
medians of a triangle trisect each other." 
(Connect points D and E, DK || BA and 
DE - iBA. Ados ^AOEA. OE;^ ^OA, and 
CD • |0B. Therefore, OE - 1/3AE and j| 
QD - 1/3 HD. 

^ ,* 
Suggested exercises: (See any good textbook) 

1. Two isosceles triangles are similar If their vertex angles are equal. 

2. If. the line joining the midpoints of two adjacent sides of a rectangle is 8, 
how long is a diiigonal of the rec.tangle? 




Aim: to develop "The coordinates of the midpoint of any line segment from 

^1 ^1^ ^2 *^ averages of the coordinates of thie 

endpointst/xj^ ♦ 

V-T— ' — — ■ . ■ ' 

to apply the theorem 
DevBlOpment : 

The term "arithmetic mean" could well be used instead of "average." Moderh 
civilization calls for an increased understanding of measures of central tendency. 
This topic gives students an increased facility in finding what number lies 

halfway between two others, esp ©cially. when negative numbers are involved. 
Frequert oral response will discourage the tendency of some students to memorize 
the formula to the .extent that meaning is lost. Some students will still be' 
vague about the- distinction between addition and subtraction of signed numbers. 
The distinction deserves frequent reexamination. 
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The proof of the theorem follows readily as Illustrated; 



Given that M is the midpoint of ^^^2^ ^^^P ^1^* ^ 

P2S and MNXto the X-Axis, Therefore, N is a 

midpoint of RS since "If 3 or more parallel 
lines cut off equal segments on one transveiBal, 
they cut off equal segments on any transversal," 
R is (x^, 0) and S is (xg, O). 

Therefore, N is ^x^ + x^, 0^ • Since MN is 

parallel to the Y-Axis, the abscissa of M is 
also ^1 . 




Repeat with perpendiculars to the Y-Axis for the ordinate y-j^ '•^ 



Suggested exercises: ' . 

1. Plot A(U,10), B(6,0), C(lli,-10),' D(l6,20), Find^the coordinates of the 
midpoints of each side of ABCD. What kind of a quadrilateral is formed by 
joining the midpoints in succession? Why? 



D(16,20) 



Acceptable student answer: 

R(5,5), s(io,-5), T(i5,5)^ u(io,i?) 

RT and US are perpendicular and they 
have a common midpoint (lO, 5) 



T>^ ere fore, RSTU is a rhombus because 
"If the diagonals of a quadrilateral 
bisect each other, it is a parallel- 
.oigram" and "If the diagonals of a 
parallelogram are perpendicular to 
each other, it is a rhombus;" 

Note: Students lose sight of the 
significance of these exercises, 
whether demonstrated as above, 
or proved deductively (informally). 

They should be asked whether this would be true of all quadrilaterals, they 
should be reminded by wooden models of the flexibility of the shape of a given 
-quadrilateral, and they should be encouraged to make a dynamic mpdel of wood 
or cardboard and rubber cord. Some students get a much more lasting feeling 




C(Ui,«l0) 
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for "tehese ideas when they see them in three different settings - demonstrative 
proof, coordinate geometiry exercisies, and wooden models. 



Plot A(0,0), B(a,0), C(b,c). Find the coordinates of the midpoints R and S of 
AC and BC respectively. How long is RS? Make two observations about RS. State 
these two obsejrvations as a theorem. 

It will be necessary to discuss the niacin^ of the axes in ^he position 
where thfe origin is on one vertex, and X-axis falls along one side. 
The generality \)f this method should be made clear. The technique is an 
important one for mathfematicst ' " 



Note: Earlio) p students"^ have deduct synthetically that the line joining the' 
midpoints of two sidles of a triangle is parallpj to the third side and equal 
to half of it. This fact is deduced here by an analytic procedure. 

The theorem is listed in .the syllabus and can -be given this treatment instead 
of the synthetic one and then listed in t^e students' notebooks. ' 

.The inclusion of coordinate geometry, whiqh some have felt may overcrowd the 
syllabus, does in fact> therefore, help to treat miany ideas in the informal,^ 
deductive manner. ■ ^ , " ' 

Plot A(-l,-2), 8(11,-2), C(9,5),'D(3,5). Find the coordinates M and N of , the 
midpoints of AD.and BC, How long is AB, DC, MN? Discover a relationship 
among ^the lengths of AB, DC and MN. , ' * 



Acceptpible student answer; 

a. M (1,3)-J N (10,3) AB » 12, DC - 6, 

2 2 ■ 'm ^ 9 ' 

It seems that KN i's the average of 
AB and DC . 

Teacher: What kind of reasoning stre — 
you doing now? 

Student: Elxperimental (or inductive). - -, 

.A(-lV2) 

b. FafT some students assizer coordinates A(0,0), B(a,0), C(b,c) and D(d,c) and 
jiiiscuss the generality and deductive nature of this method. Conclude tl?at 
fbhe median of a trapezoid is the average of the bases, and li?t it. 

Acceptable student response: 





B(1J, 



M (d, c>j N ( a * b« c) 
2 2 2 2 



Therefore, MN 



a + b - d 

T — 



AB 

DC 



a 

b - d 




(b,c) 



A(C,0) 



MN is equal to the average of AB and DC. 

m is also parallel po AB and DC because all three are parallel to the X-Axis. 



U. Plot A(2,2), B(7,3), C(10,5), D(5,U). Why is AQCD a parallelogram? 
• ' • . X 

Students can now usa the> fact vthat the 
, . diagonals haye the same midpoint even 

when the diagonals are not- conveniently 

located on tho cooidinate grid lines. 

i ' ■ 



LESSON 12 



D^^^^C(10,5) 
A(2,2) 
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Aim : to present and deduce informally: "Two triangles afere similar if their 
corresponding sides ^re in proportion " 

Mote: This proposition is not listed in the State syllabus, Its> inclusion is 
recommended to '"round out" the discussion of simil^ur triangles arid to make the 
Conclusion available for certain applications, V 



Diavelopment:^ 



Have the students consider txvo trianc;les ABC and.A'B'C (a photograph and its ' 
enlargement, or an actual trianrle anc3 a photograph .of it which is an '•enlarge- 
menf'or a "reductipn" of it) which have a/a' = b/b* c/c' - k is the pro- 
portionality constant). What else- is constant? Elicit from the students that 
the size of the angles seems to have been preserved and thus the triangles are 
apparently similar, ' 

An informal demonstration of the 
similarity may be done as follows; 
Measure ^A* and ^B' and construct 
Z\,ABD with ^1 and /2 respectively, 
equal to /A» and /B^, Thus. 

AAHD^Ti A'B'C^ (AA AA) so 
that x/b* = c/c' or X = kb*. ' 
Thus, X = b. In the same way y « a. 
Therefore, 4>AHD ^A.ABC (S33 = S3S) 
and hence A ABD A ABC (congruent 
triangles are similar) , Then 

AABC ^ AA'B'C since they are ' 
both similar to the same triangle 





Given: A ABC , and A A'B'C • 

a/a' - b/b' »*c/c' « k 
(a"ka', b*kb', c"kc') 

Deduce? A ABC A Afa'C 



The theorem may be restated, "Two triangles al*e similaJr, if "the sides of one are 
equiimiltiples of the sides of the other,'* It should be included in the list of 
methods to deduce triangles similar. 

Suggested exercises: * ' , - 

1, How are tx^o triangles related if ihe sides of one are equimultiples of the 
sides of the other (a) when the proportionality constant k < 1? (b) when k > 1? 
(c) when k » 1? 

2, Points P, Q, and R are located on tho sides AB, BC and CA respectively of ' . 
A ABC, If iine' segments PQ, QR and RP are drawn, and if PQ - |CA, 

* ' OR =i |AB, and RP - |BC, prove that ^PQR « ^A, 



3. State the theorem which proves the triangles similar in each case: 




h* The special right triant';;le whose sides are in the rsitio jih*^ should 

considered here. Why are all 3-U-5 triangles right triangles?- If a right 
triangle has legs of 6" and how long is the hypotenuse? VJhy? 



DHIT TEST 

K ■ smiLARin 

1. Name 2 sets of quadrilaterals such that any member of one set -would have its 
corresponding angles equal to those"* of .any m^mbJr of the second set, but .the 
'two jire no^ similar. 

2. Same as above. Require that the corresponding sides be in proportion but the 
two qu.adrilaterals are .not similar. . * * ^ 

*3, In triangle ABC, a line^arall^l to AC cuts AB at D and BC at E. If AD is U, 
DP is 8 and BC' is-l8, find BC. 

U# The bases of a .trapezoid are 8 arid 12 and the' altitude is 3. If the non-' 
^ parallel sides, are extended until, they meet, find the altitudQ ,of the triangle 
formed by them and the - smaller base of the trapezoid. 

Construct an equilateral triangle given its perimeter^ 



6. Show that A(-2,l), B(3,$), C(U,9), and D(-l,5) are the verticeB of a 
parallelogram* A ' i 

?• Line segmeVit ,ioins t\?o points R and S which lie on opposite sides of 

parallelogram ABCD. RS cuts diagonal AC in point T, The product of RT and a 
certain one of the segments into which the diagonal is cut by^T equals the 
product ST and the other segment of the diagonal, Vftrlte the correct equal 
products and prove theit they are equal* 

8,. Prove that two triangles \re similar if they agree in two angles. 



\ 
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IX. 



MEAN PROIORTIONAL AND PYTHAGOREA!«J THEOREM 



LESSON 1 




Aimt to inrefftigate the similar triangle relationships in a right triangle 
which has an altitude to its hypotenuse. 

DeYBlopment : 

Have the students find all the other 
angles in the figure at the right 
if is 20^." Change the n\imber of 
degrees in [k. Class will note that 
^ACD is equal to and is equal 

to iK for all values of less than 

Have the students deduce (orally) 
that the two small triangles are each 
similar to^the large one and also 
similar to e.ach other, ^ 

Use three separate diagrams for the 
original triangle and the two smaller 
triangles. Also, have available 
three paper triangles related in the 
same way. 




^Have. the stu4ents list possible proportions fon- each pair of triangles and state 
these propositions. Two propositions which should be deduced are: 

If an altitude is -drawn to the, hypotenuse of a right triangle, the altitude 
is the nfeari- proportional between the segments of the hypotenuse* 

If an^ altitude is drawn to the hypotmuse of a ri^t triangle, either aim 
is the mean proportional between the hypotenuse and the' projection of that ^ 
am on the hypotenuse, , ^ 

•^Note: The concept of a projection may be vitalized by discussing \he function of 
a slide or movie projector. 

When these theorems are «^plied, some student weakneases in algebra will become 
. apparent. This is 'the time to review the algebra. For example, if x? - 36, why 
does X ■ 6? (Positive square roots of equals are equal,) 

Suggested exercises may be found in any good textbook, , ' * 
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LESSON 2 



Min: to clarJi^y the dirtinction between rational and irrational numbers as a 
resulfrof the application of the right triartgle with an altitude to thm 
hypotenuse theorem " , . ^ 

Development : 

Have the students find the valu6 of 
X antf y in the figure at the right. 




The resulting equation « 28 and y^ - 77 
have irrational solutions: x »>/2B"and ' 

Here is an opportunity to reinforce and extend the student's concept of irrational" 
numbers. The teacher mky review the i^dea o^ integers by using a number line - 
The students should be led to realize that despite the fact that man invented • 
names, for an^ infirvite^ number of integers to be used in counting, he needed a 
new type of number vh^n he tried .to find the measure "qf certain line segments ' 
vsee above^) , 

Have the 3tudents learn, that a rational number is one which can be put in the« 
^ form * where.'p and q ar? integers andq/o,^ They should realise tkat thejnumber 
\/7W whi6h occurred -in tM lesson jLs not a rational number^ ' 
\ 

Note: For enrlchnient, show^/^is Irrational. ' 



^In'the table of square rpots.^^^ is listed as 5.29. However, the student 

shoxild realize that it is not exactly 5.29 (which is and therefore 

-Rational) but 5.29. •. to an infinite number of 'decimal places. Encourage' 
the student to estimate the square roots before looking up their decimal 
values in the tab^e* 



Initially, at least, the answer should not be left in radical form. For exanple/' 
* ^ is .meaningless to many ^students as evidenced by the common error of thinking 
a number such as 7\/T' is a number between 7 and 8. . ' . 

ThQ student^ learned a method for finding the square root of a number in Grade 9. 
Sinplification of radicals may be postponed until after the Pythagorean Theorem 
is developed and the 30^, 60©; relationships are discussed. 



Suggested exercises may be found in any good textbook. 
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LESSON 3 . ... jj» . V 

idmi to apply the "altitude mean" theorem to an -application involving "an angle 
inscribed in a semicircle" 



Development ! 

s^" _ ' ^ ^ 

Bxperiment: Have the students drw a 
semicircle with diarapter AB and any 
/AC3 with point C on the circle. What 
GO you discoyer? 



c 



The students will recaU. 
that /ACB is a 
right angles 



Have the stAiclenta consider an algebraic proof that. ^ 
/C is a right, angle. 

2x* 2y - 180° ... 
X ♦ y - 90° 

y ^ ■ " • ■ ■ 

Note: This is a good exanple of the rreater uso of 
algebra in the. syllabus. 



'Sugg'tested exercises: 



1. Jlnd X. 



2. nj^d J. * 





3» A truck 10' hi^h 'is being driven through £^ 
" semicircular t\innel. The truck is '8' from'' 
the right' side of the tunne^.. What is the 
diameter of the tunnel if the truck i\ast^ < 
fits? 




The arcs shown 
are semicircles. 




Lesson U 



\ 



Aim : To deduce line segments in a circle in* pi*oportion using similar triangles, 
and to use these situations to introduce qmdratic equations of the fom 
ax^ + hx + c =\0, where h ^ 0 and c 0. ' ^ / 

Development : - * ' 

Have the students review the. methods of deducing I'ine segments proportional, • 
Have them also review how to select those triangles which are to be shown 
similar in order to deduce a particular proportion (see lessons 4,5*6 of 
Chapter VIII). - . ' . ' 
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Suggested exercises^ 

!• Given: Circle 0 with diamster AB, 
chord AC, CDXAB ^ 

' ..Deduce: AC AD ^ * 




2. In exercise 1, if AC is U** longer than CD, CB - 3», and AD • 7", find CDl 

Note: To solve the result^g quadratic aquation ^ Ux • 21, it may^ba naceaaary 

• .to review factorlji^ of a trinomial am!. ''If a product equala mzhd, ona of the 
factors »is zero,^' The solution of the complete quadratic is Jtiwltad to tha 
ni8t|}od of factoring. 



LESSONS 5 and 6 

Aim : to deduce the Pythagorean Theorem 
Development : 

Experiment: Find the length of the shortcut 
from home to school. 



Hoioa 




School 



600 yarda 



600 yarda 



Some of the students may recall the' Pythagorean 
Relation from their work iii Nintji Year Mathe- 
matics. Ask for an estimate of the ler^iSh 
of the shortcut. An Intelligent estimate would 
be more than 800 yards but less than lUOO yards. 

It nay be suggested that an altitude be drawn to the hypotantiaa* If so, the 
segments should be called x and c-x rather than x and y. Tha ralationas 



c 

Wo 



600 



and 



X 



c 



800 
c-x 



lead to: 



2- 



6002 ^ 8062 
360000 + 6U0000 
-1000000 ' 
1000 



c 
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Ill 



To clarify the significance of lOOO^ - 60o2 BOO?, ' 
the studdnt^ might exaznine the diagram at the right. 
They ahould be led to understand that the first 
and second squares actually cover exactly as many 
pquare units as does the third square. ^ 

Soaa students are inclined to doubt that the first 
and se<foixl squares can actually be made to cover 
the third stiuare* One interesting way tq show 
this is As follows: 



1000 ^ 


600 TT 


800 

I ^ 


600 



Out out a right triangle and three squares as 
shown at the right* C^se a different color 
for each square^) Move square II next to 
square I so that ACM is a straight line. Find 
0 so that MO « AC. Cut tilong OR and OS. This 
will result in five, pieces from square ,1 and II. 
Raasrrafige these pieces on top of square ^IH^ 
pl.^ing HbS on one corner of the big square. 



Ill 



Pv 





II 

C 


/ 

/ 


N 1 





K 



The students should be made aware of some of the history and uses of the Pythagorean 
Theorem. 

Deduce the theorem using the original experiment as a model. 
Suggested exercises: 

1. Find the distance from home to second bas^ of a baseball diamond. 

2. Will a 28" umbrella fit in a 18" bj 2U'* suitcase? 

3. How long is the sloping beam in this attic rodm? 

10' 



17* 



20« 



*U. Th9 arras of a ri^t triangle are in tKe ratio 3th 
and the hypotenuse is h$m Find the two arms. . 

S. The sides of a certain right tViangle may be represented by three xjonsecuti've 
integers. Find them. 



LESSONS 7 tod 8 / . 

Aim ; to apply the Pythagorean Theorem to the distance between two points in , 
cooi^Jinate geoiTietry ► • 

Development ; , ^ . . , 

Have. the students find the distance between (3^7) and' (-^.^ 7') j the distance between 
(3)7) and (11,13). ^ - ' / . . ' , 
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^ ) 

The distance between (3,7) and (11,13) will lead. to the use of the Pythagorean 
Theorem to deduce 



d -7 ( A x).^ ^ (^Ay)^ or d - J{x2 - x^)? ^ (yg - y^)^ 

NotA; A quadrilateral can now be shown^to be a parallelogram by showing two pairs 

of opj'XDsite sides lequal. However/ it is still easier to show that the diagonals 
have the same midpbint. 

Students may need to review radicals. 

Exercises follow in which, the distance formula is essential; NaturaLly, not all 
these types of exercises should be done, at once, but the topic should be kept / 
alive throufjh spiral homework assignments. « ' • ^ ^ 

1. Plot A (-3,2),. B C5,-2), C (10,10)^. Find,the length of MN, the lihrjbtking 
the laid^oints of AG and BC, Compare the length of MN^th the length of AB. 

This is an illustration of what theorem? 

2. Plot A (-3,0), B (1,-2), C (5,6). Show that ABC is a right triangle* 

Note: This may be the -student's Introduction to the converse of the^ Pythagorean 
Theorem, If sa, he shoiyLd of his own' accord comment on the need for proving the 
converse. The teacher should go through the deduptive proof informally. The 
converse of the Fj^har^c^rean Theorem may be proved analytically. ' See Lesson 11 
of this chapter. , 

AcceptabX^5 student answer: . 

AB «y(U)^ ^ ( -2)2.yi6 ^'U ->/20 "^^.^^ 

BC « y(U)2 + (8)2 -Vl6 ^ 6I4 - JBO 

AC - 7(8)2 ^ (6)2 V 36 -VlOO 

Is (AC)2 . (BC)2 (43)2 7 - > ^ . 

(yioo )2l (/80 )2 ^ (/20 ,)2' ' " 

. 100 - 80 ^ 20 * 

Yes. Therefore, triangle ABC is a right triangle. 

3. Find the perimeter of the triangle whose vertices are (-1,-2), (3,5) and (0,l)o 

U. Find the length of the mediait to side . AC 6t the triangle formed by A (-2,U), 
B (3,6), C r6,-2). 

5. The center of a circle is at (U,5) and it passes through (9,5)* Will it also 

pass through (7,9)?j • 

N^te: The student shoiild take pride in. conpleting this exercise without resorting 
10 squared paper. , .L 

• o ■ . V- - ■ • . - ' ' ' 
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6. The follcurljig exercises may be. used -as enrichwent: 

a. Plot A (-1,-1), B (1,3) » C (2,5). Show that they are collinear. 

Student reviews, 'Sum of two sides of a triangle is greater than the 
third,' and hopes that AB, ♦ BC - AC 

AB - 7(2)2 ^ (^j2 _ ^ ♦ 
BC - 7(1)^ ♦ (2)2 - J-f 



iC - 7(3)2 ♦ (6)2 - /U5 
' Is Vzo ♦>/8':- yu$? 

2/T ♦yr - 3yr 

Tas. Therefore, the points are collinear. 

Not^i Student reriews idea of radicals and is introduced to addition 
of radicals* 

This type of exercise can be done throu^ the use of slope* 

b* Show that the median to the h^-potenuse of any right triangle is half the 
h^rpotenuse. 



The student who jporrpletes this orx his own has acquired a great deal of power 
with an iiqportant tool of mathematics. He should suggest A (0,0), B (a,0), 
C (0,b) as general vertices. 

Cm k different type of example in which the coordinate grid serves a useful 
piirpose as an aid to student conprehensipn Is^ *Siow that the irrational 
numberyr^ has a length which is between 2 and 3.* 

Discuss the infinitude of rational numbers between 2 and 3, and point out 
that >/5" is not one of them. Students should review that a rational 
number is one which can be writta^ in the form^ where p and q we integers, 
v'a , with 'a* not a perfect square, can be shovm in. highgx-niathe- . 
matics to 'be inrational. They will enjoy the thought that there is an even 
higher order of ^ infinitude of irrational numbers than rational nvunbers. 

* . • . •. 

Select points (0,0) and (2,1) and use conpasses to lay off the hypotenuse 
on the X-ibds so that the real but incommensurable length of 7^ becomes 
visual . Repeat for other irrational numbers* 

LB330N 9 ' ^ V/ ■ ' . , 

• "\ ^ '• 

Aim : to note certain relationships existing ir* a 30?» 609, 90^ irl^t triang?.e 
^ to reinforce and extend the students' understanding of irrational numbers 

I . ~ . ' ^ 

Development ; 

Eaqperiraent: Construct an equilateral triangle with a 2" side.. Construct an. 
altitude. How long is the altitude? 
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Some student answers will be 1 3A> 1 1#75, br 1.62$^ Have the students 

realize that these are rational numbers which are merely convenient estimates 
for the length of the altitude* 

Can'we find the length of the altitude in another way? The use of the Pytliagorean 

Theorem will yield 22 « il ♦ x^. From this, the length of the altitude is/T 

or an ^^trrationai number, \/T ■ 1.732 only when rounded to the nearest thousandth. 

Have the students use the Pythagorean Theorem to find the altitude of an equilateral 
triangle whose side is 5. It will be necessary to review at this point the sinpllfi- 
cation of radicals* 

Have the students now find the altitude of an equilateral triangle whose side Is s. 
Have them reach the generalizations concerning the ratio of the side opposite the 
30° angle and the hypotenuse, ' and the side apposite the 60^ angle ahd the hypotenuse. 
The students should realize that all 3(P , 6Cr , 9(P right triangles are' similar and 
the ratios are therefore constant. 

Note the frequent use by draftsmen of the right triangle which is half an equi- 
lateral triangle. 

Have the students now do exercises involving the 30°, 60^, 90° right triangles. 
Have them frequentlj^'i estimate the value of such numbers as 7^/3". ^ 

LESSON 10 

jLi m: to discover the relationship in an isosceles right triangle 

to reinforce and extend the student *3 understanding of irrational numbers 

Development : - • • *^ . ' 

In a manner similar, to that^in lesson 9, have the student generalize how to find 
the length of a diagonal of a square rhen the length of a side is given, and how 
to find the length of a side when the length of the diagonal is given* 

Hava the students draw oil squaraj-ruled paper a right triangle whose legs are each 

1 unit. They should be led to Understand that the hypotenuse, whose length is 

can be laid off on the I-Axi-s and will fall l^etween x ■ 1 and *x " 2, This serves ' 

to reinforce the idea that in addition to the infinitude of rational nunbers 
between any two integers, there exists many irrational. num^^rs* 

Have the students now do exercises involving the U?°, hS^, 90° right triangle* 
LESSON U • , 

Aim ; to deduce and apj)}.j the conyerse of the Pythagorean Theorem 
Development ; 

Have the students try to show that triangle ABC is a right triangle if its 
vertices are A (3,3), B (llj,l)/ C (11,7). 
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Some students will suggest that since th$. sufi of the squares of the two sides 
equals the square of the third side, *>he triangle is a right triangle. Lead the 
class to realize that these students have assumed the converse of the Pythagorean 
Theorem. The students will now see a need to deduce the converse. ^ 

Given: triangle AX and « a^ + 

Deduce: triangle ABC is a right triangle with idght angle at C 

Construct right triangle DEF with ^ 
legs a and b. 

a^ + b^ « d^ 
a ■ c 

d y c 

A DEF ABC (333 - SSS) 
^ IP ^ right angle 

Students will enjoy the following deduction of the converse of the Pjrthagorean 
Theorem using coordinate geometry: Y 





Given: Any AaBC, 

Select the X-ivxis so that it 
passes through points A and C, 
Select the Y-Axis so that it 
passes through point 

Then A(0,0), B(a,b>, C(c,0) 
are the vertipes of a triangle 
^ch that iiB^'-f AC^ = BC2. . 

Prove: ABC is a right triangle. 



B(a,b) 




By the distance formula, the given 
fact becomes 

Therefore a^ + b^ + c^ » 
or 0 =■ -2ac 



(v/(c - a)2 



:2 . 2 



ac 



b2 



Bat c t3 not 7,ero because A and C are distinct points. Therefore a must be zero, 
Poinr B is therefore (0,b) and lies on the Y-Axis. Hence BAG is a''right angle. 
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No.tes The .method of ahcying perpendlcv rity by slopes is not, in the syllabus, 
even among the optional' topics, $me classes probably could do this proof using 
alopes. 

Have the students How turn their attention to the exercise given at' the beginning 
of the period. Note how much is written as an answer. 



(11,7) 




B(lli,l) 



Accept^ible student response: 
(AC)2 . 8^ 4. 1^2 . 8Q 

OC)2 - 32 ^ (^)2 .^5 

(AB)2 - u? ♦ (-2)2 - 125 ' 

80 ♦ U5 - 125 

' Therefore, triangle ABC is a ri^t triangle because, "If the sum of the squares, 
of two sides of a triangle is equal to the square of the third 3ide.,*lt is a 
Tight triangle. 

, Have students do exercises involving the converse of the ^raagorean Thebrea. 




UNIT TEST 

MEAN FROPORTIONAJi'and FTTHAGOREAN THEOREM 




1, State and prove the Pythagorean Th orenu 

2. d6 exceeds AD by 7. Find AD, ' 



3. Given quuirilateral ABCD. A (-2,U), B (3,7), C (2,5), D (-3,2). 



a. Show that ABCD is a parallelojpram. 

b. Is ABCD a rectangle? Why? 

\x. Which of the following is irratioriL: 
a» •6666««» 

C.v/f" 



d. 2.1i 

5. AC ia a 12» lamppost and at B there is a traffic 
light. If B is 8' from the ground -aiid am 3) 
is 5' long, how long a brace is needed for AB? 

6. Honor: Derive the equation of the locus of all 
points eqixidist ant from (-5,7) and (9,7), o 
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c 



/ 

f 



\ 



LESSON 1 



TRIGONOMBTRX AND SLOPE 



Aljn ; to develop and apply the Concept of the tangent of an acute angle 
Development : ' / ' 



Pose the problem of determining the "grade" 
or "slope" .of a road in relation to the 
"angle of ar^epness," For exairple, a 
straight road rises 0.5 of a foot for every 
foot of horizontal distance, VThat is the 
angle at which the road rises, from the 
horizontal? Have the class make ..a scale 
drawing 'and find the angle to the nearest 
degree by means of a protractor. 



road 




b«l foot 



Have the class understand that the ratio 
of "itise" to "run" in the scale drawiiig 
is the same as in the actual physical 
setting, because of the proportion 
obtained from similar right triangles: 



a/b - a'/b" for a fixed angle A. 



A« 




w 

Scale: l"il« 

Note: It will b« necessary to point out that the ratios are formed first in one 
triangle, then, in the other triangle, instead of from one triangle to the other 
triangle, as the student has been accustomed to doing. This is Justified by 
"alternation" of the terms of the proportion, so that a/a' - b/b" is equivalent 
to a/b - a'/b'. 

Emphasize that using a different scale leads to the same angle. 

\ , . 

Have the class do scale drawing experiments for different "rises" in'the same 
"run" and build a table of ratios of "side opposite acute angle to side adjacent' * 
to acute an^le" corresponding to the "degrees in angle". Introduce the definition 
"tangent of angle,", and the notation, "tan A," 

Result of Experiment 



tan A 


ZA 


.125 


7° 


.250 




.375 


21° 


.500 


27°. 




2.0" 
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Have the class dedbce from similarity of triangles, "If two right ti'iangles 
agree in an acute angle > they agreg^jii the ratio of the leg opposite the 
acute angle to the leg adjacent to tK^acute angle In each case, there 
is an "ordered pajr" of numbers, the "number of degrees in the angle" arid 
the "tangent of tVie angle," in 1^1 correspondence, so that if tho first 
of the two numbers is known, the other is determined'." 



Introduce the "table of tangents" as a list of such ordered .pairs, dnform the 
class that this table was worked out, not by Experiment, but by the use of a 
formula taken from advanced mathematics (calcxilus). 

Have the students practi^c&^using the table; e.g., "If - 70^, find tan A"j 
"If tan X - #78, f ind^x to the nearest degree." r 

Have the students use the table of tangents to solve problems 3uch as the follow- 
ing: ^ 

1. The wire f i^m the top ^of a telephone pole 20 feet high reaches the ground 

. 10 feet from the foot of the pole. To the nearest degree, what acute angle ' 
does the wire make with the ground? . ^ A 

2. To find tb-* hei^t (AC) of the Eapire State 
Building, ^ point (B) was located 920 feet from 
th^ foot (C) of the building, and /CBA was 
found to be 58^. Find the height tcvthe 

r nearest foot. ^ * ' 




The assignment should provide for both practice in using the tahgiant table^ 
for additional problems involving the tangent ratio. ^ , ^ 

mSSOH 2 

Aiia i to discover and usie the sine and cosine relationships in t*he right triangle' 
Develotanent s 

Motivate the work with a problem such as: "A recommended safety angle for a ladder^ 
is an angle of 75^ with the ground. How high above the ground will a 2(5-foot 
ladder reach if placed at this angle?" Hiave the student realize that a ratio 
other than the tangent is needed to soXve the problem. 

Introduce the definitions and notation for the sine and cr)sine of an angle. Have 
the class deduce, by using similar triangle theorems, thai for two right triangles 
Iji "^A' inplies that sin A • sin A', and conversely* Do tjiia same for the cosine 
ratio. 0 4, 



( 
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Solve the motivation problem, and a similar problem involving the cosine ratio> 
U3ing the table of ratios. In further class problems, have the class solve for 
the angle when the hypotenuse and the opposite leg or adjacent leg are given. 

Note: The problem of finding the ^lypotenuse, given the angle and o^e of the -legs, 
will present two difficulties: (a) solving a fractional equation or a proportion, 
aiKi (b) using long division. Point out that th^ lortg division cannot be avoided 
by taking the con5)lementary angle, as it can' be avoided in the similar case with 
the tangent ratio.. 

In further class practice and in the assignment, include both types of sine 
problems, both types of cosine problems^ and the previous two types of tangent 
problems. . ^' ] 

LESSONS 3 and U 

Aim ; to make further applications of the trigonometric ratios to 

problems involving angle of elevation and angle of depression 
finding the altitude of a triangle or ^parallelogram 
finding a distance requiring the use of two right triangles 

Development : 

A model, homemade transit (protractor onv yardstick), or a "clinometer" will help 
clarify the concept -of "angle of depression (elevatipn) Re-enphasize the 
importance of the right triangle and the trigonometric ratios in practical work, 
as in n4vigation, surveying, and astronomy, (indirect measurement;. 

Problems to be presented for solution will include the following ^ypes, rfhich 
qre to be found in standard textbooks: 




4 



1. Find tl?.e height of a cloudb&nk if its angle of elevation is 86^ at a point 
on the ground 800 feet from a point directly beneath the cloudbank. 

2* How far is a ship from a 'vertical cliff 200 feet high,^ if from the top of 
the cliff ' the angle of depression of the ship is 20^7 , ^ 




Enrichnant: A triangle (or pA-allelogram) has two given sides. How does the 
altitude to one of those sides vetry as tiie angle between the given sides , varies? 

In the revitjw and further fi^)plic*ation, .supplement the numerical work with 
exercises in which the student is •to determine (from the given^ parts, and part 
to be found) the particular ratio (sine, cosine, tangent) to be used* 



. UKiT TEST 
JIUM£RICAL TRIGOMQMETRI 



l.itUsing the table, find each ratio: 

a. tan -68^ • • b. sin UO^ c. cos 75^ 

2. Using the table, find each an^e x: (to nearest degree) 

a. tan x - 3/5 b, sin x - .•9703 c, sin x - •U800 

dm cos X - •1|695 • 

3« Find the height 6f a tree which casts a shadow 12 feet long when the 9un*s 
rays make an angle of 70^ with the ground, ' > 

U. At the instant when a tree fifty feet high casts a shadow forty feet long, 
what angle do %he sun's rays make with the ground? 

5. *ow high is a kite if the 200 foot string to which it is attached makes an 
^ angle of u8^ vfith the ground? (Asstume that the string is straight^ 

6« k mine tunnel is straight and slopes downward so that when a mxner goes 
UOO feet into the tunnel he is 120 feet below the surfac?. At what angle 
does the tunnel slope? ^ • ' * 

?• A 20-foot ladder reached a point on a wall 18 feet from the ground. What 
angle does the ladder make with the wall? 

8/ The sides of a triangle are 20 and 30 and form an angle of U0°. Find the. 
altitude of the triangle drawn to the longer of the two given sides. / 

9. In an isosceles triangle the equal sides are each 12 and the base is 10. 
Find the number of degrees in each base angle. J 

10. In ^ ABC, CD is the altitude to side AB. If ^ACD « 30°, CD « if), and 
^BCD - 50°, find the length of side AB. 



f 
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LE33CfN3 6 and 7 

AIjh to define ^the slope of a line segmenjt 

to deduce that eyery .line segmonii of a straight line has the sajno slope 
to define the slope df a line as the slope of any of its line segments 
to derelop that in a set ot points, if the slope is the Same for every 
line segnent Joljriing the points in pairs, then the set of .points lies on 
a straight line .(are collinear) i , . ' 

to deduce that if two straight lineaLjpe paSrallel, they have the same 
slope, and conversely mw 

to deduce that, if two straight linesrare perpendicular, the product of 
their alopes is -1, and conversely 

Kote: The topic of alppe is now optional in the Tenth Tear Mathematics Syllabus, 
Rxercises on the Tenth Tear Tlegents which involve slope have tended to be very 
elementary. ^ ^ ' v ^ 



Deyelopment: 



/ 




Challenge the students to describe 
"how imich" these sloning lines (noi, 
parallel to the axes) do slope,. 

Develop the definition: The slope of a lliie segment joining two points Pi(3q^, 7i) ' 
«^ P2(3C2> y2) la the ratio z\ y/ where ax / 0 andAy ■ 72 - Jl, Ax - X2 - xi 

Have thrfjrtudents deduce that every line segment of a straight line has the same 
slope. ^ 

They should now define: The slope of a line is the slope of any of its line, segment 
Discuss the neejd for positive and negative sl,ope. Use summary as follows: 

Y ^ 




is positive 

iCi X 



Slope is positive 




■ is negative 

Zlx ^ 



Slop^ is negative 



is zero 



Slope is zero 



does not exist 

1^ ' 



(We cannot divide 
by zero) 




Have the students<5>e that '"constancy of slope" among three points implies that the 
points are c'ollinear, , , 

Have the students deduce that if tvo straight lines are parallel, they have the same 
slope-, A brief outline of the deduction follows: 

Given: L]^ || L2 (L^ and L2 are non-vertical lines) 
, Deduce: Slope of Lj^ - slope of L2 
Slope of - CB/AC 

- Slope of Lg 

Conversely, it can be shown that if the slopes of two straight lijif?3 'are equal, 
the triangles are similar and L^^and 1*2 are parallel. 

Review two ways of showing thiat a quadrilateral is a parallelogram - botli pairs of 
sides are f)arallel (definition) or that one pair of sidds is equal and parallel . 
(theorem), "Parallel" is equivalent to "have same slope." 

Have the students deduce that if two straight lines are perpendicular, the product 
of their slopeg is - 1, A brief outline of a suggested deduction followst 

Given: (Wiere and are both non-vertical) 

Deduce: m^ra2 = -1 ' . 

Place a set of coordinate axes on the figure formed by Lj^ arid so that 
their intersection, C, is on the y-axis. Call the point where the x-axis 
cuts the po'int A (-a,0), and tbe point where the^-axis cuts L2 the 
point b (b,0). Note: a ^nd b are positive. The coordinates of C will be 
(0,y). . ^ . • . ^ ^ 

Since /C is a right angle, CO is^ th^ altitude to the hypotenuse of right 
triangle aBC/ , , , y ' 



Therefore, - 



b 

2 = ab 



L 



V - 0 

The slope °^ ~ = q (_a) 



The slope of 1^ = 



0-7 
b - 0 



_y2 



Z. 
a. 

b 



But y2 = ab 
The i?e fore, m^^nij -1 
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Now suppose we are given that the product of the slopes of two lines is 



Using the diagram above, mi^ 



a 



and 



Since m 



= -1> 



' a . , 
y2 a ab and therefoTe - = £• 

Since right angles 1 and 2 are equal and the including sides are in 
proportiony A AOC ^ ACOB; 

Tlierefore, /A = /A 

But '/3 is the complement of /A ^ . 

Therefore, /3 is "the complement of /J+ 

Therefore, » /ACB is a right angle. , ^ 

We have thus proved that, "If the /product of the slopes of two lines is 
-1, then the lines are perpendicular." (Incidentally, we have also 
proved that, "If an altitude to the base of a triangle is the mean 
proportional between the segments of the ba^e, then the triangle is a 
right triangle and the base is the hypote^tisre, 

.If the optional topic concemad with equations of lines is taught, develop 
that the equation of a line Whose slope is m and whose y- intercept is b is 



the theoi 



•»■ b 




c. 



- b 



nx + b 



^ 0 

- b 

- y 



/V. 
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aaggestdd tJterciaest ^ " 

Plot the points 'A (3,1), B -2), and C (lO,ii) and show that they are 
collinear. Use slopes. ^ * 

2. 3hqfW_^hat the line joining the mid^oljtts of any tyo sides of a triangle is 
■parallel to the third side. Use (0,0), .(a,b), (c,d) as the vertices of 'the 

v., . triangle. 

3. Show thatj , " • 
3^2 - Xl 71 - 72 



li*^Flnd the number ofNiegrees in the ^ngle formed by a line containing (2,3) and 
(-1,-J4) and the X-Ajt^s (T-Axls). Use trigonometry of the fight triangle. 

5^ Show that the diagonals of a square are perpendicular by means of slopes. Use 
(p,0), (a,0), (a,b)^and (0,b) as vertices of the square. 

6. The Tertices of a triangle are A (2,3), 3 (27, 3),^aiwi C (11,1$). Show by 
\ means of slopes that the triangle is a right triangle. 

Hote: The syllabUa suggests several specific types of exercises under equations 
of lines (optional). See page 32, note 22 of the syllabus., 

' , UNIT . 

f . / TRIQONOMETRT and aOPE 



1. Plot the pointa A (-2,-3), B (1,1), and C (Uj,^). 

a. Find the^ slopes of the line segments AB bxA BC. 

b. Compajring the results, what corKJlusiQn can be drawn concerning the three 
given points? . . 

2. Plot the points A (0,0), B (U,2); C (2,-2), and D (-2,4i).' 

a. By means of slopes, show that ABCD Is parallelogram. 

b. Fliid the slopes of the diagonals of ABCD. 

c. How are the diagonals related? What kind of parallelogram is ABCD? 

3. '^ Show by use of the sl6pe formula that the points 

P (3,5), Q (5,7), and R (6,2) are the varices of a ri^it' triangle. 

*\x% Find to the nearest degree the acute angle between the X^Azls and the line 
y - i^c ^ 3. 
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LESSON 1 
^ 

■ Aim: to introduce area and the need for a standard unit of area 
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Development : • . 

Have the student^ suggest the neefil for measuring the extent of flat surfaces 
that are bounded by, squares, rectf^gles, parallel >grajr,s/^d so on. Mention 
should also be made of the nded for measuring areas on curved surfaces (in 
calculating metabolism rates which depend partly on skin areas) • Other examples 
are the areas of airplane wings, areas of floors in buying carpets, areas of 
surfaces to be painted in estimating painting costs, and so on. 

There is also a theornptic value of area measures in calculating other quantities 
such as volumes, densities, moments, and center of gravity. 

Note: This discussion should tap whateveiTi information is possessed by students. 
The teacher should not hesitate to fuinish^ information where needed. The 
discussion might take at least a half period. It may be anecdotal such as' the 
method of covering an irregular surface with tin foil and weighing the tin foil 
to deduce the area. 

* ■ 

The teacher can now have the students consider area as a numerical measurement. 
A general discussion of the nature of measuring units and what is required of 
thera to be satisfactory should contain the following points: 

The unit of area should itself be an area and hence should be in the form 
of a closed plane figure. 

The unit should be convenient. Since we have a "rectangle civilization, 
that is, many of the ob;iects we find in our culture have the shape of 
rectangles, the unit areai figure should have right angles. Another 
^ convenience is found in the propertj'- that four right angles cover all the 
space about a point. 

The unit should be 'standardized. This leads us to losasure the sides of 
our unit in linear units that, are already standardized. This, in turn, 
leads to choosing a square because of the equality of its sides. 

At this point, it is well to distwoguish between a square .that is an area unit, 
to be called a unit square ^ and an\rea that measures one square unit > This 
d?.stinction be'comes clearer in contrasting the area of a rectangle (2" by l**) 
that has 2 square inches with a 2 inch square that has square inches. It is 
also important to note, that a square inch may be the area measure of a figure 
that is not an inch square. This may be done by cutting an enlarged unit square 
along an axis of symmetry and piecing the parts together to form eitfier a ^ 
rectangle (2" by |-") or an isosceles triangle. 

Thfe cut-out figures can well be moved about on the grx)und glass table of 
an overhead projector* . . . .» 

-lli*^ 



It would t)e a ^ood exercise for students to form a number of figures having 
different shapes but each having an area h square inches. Are the perimeters 
of these figures equal? 

LESSON 2 . ^ . ' • 

Aim : to show the relationship between congruence and equality of ar^a 
' ^^%p discover nnd verify the areg formulas for the rectangle, squaire, 
<^-^p^a;alIelograin, triangle, and trapezoid by experimentation 

Development : 

Have the students discover the relationship l>fetween congruence and equality of 
areas, as we],l as the symbolism of congruence, similarity, and equality. Knowing 
that congruence is a sufficient condition for equality, the class may now 
consider such propositions as, "The diagoi^LL of a parallelogram bisects the area 
of the parallelogram" or "The bisector of the vertex angle of an isosceles 
triangle bisects the triangle," , The phrase, "bisects ^he triangle," should be 
defined, ^ 

A triangle (or any other figure) is bisected if it is divided into two figures 
hfi^ving equal areas. We may refer to the equality of any two plane figures (^such as 
a triangle^ ar-^ rectangle) if their areas are equal. Contrast this sense of 
equality with that of . similarity and congruence. 

Have the class now afpply the equality axioms 
(identity, equals ppLus (or minus) equals,,,) 
to such exercises a^ 

^\AEC ♦ AACB - ? 
^2iABC - A AED - ? 
' llBCD ADE • ? 

ABCE - AED - DAC - ? 



Present the class with a rexographed sheet showing various common figures 
on squared paper, as shown below. On the overhead projector, a. set of ^ 
the same figures drawn on acetate and another separate sheet of square- 
rule^, ^rietate will permit placing the squares on the figures in various 
positions, Ihis should be done quickly to permit rediscovery of the 
areas of the rectangle, square, parallelogram, triangle, and trapezoid 
as "inductive propositions," 

The experiments should include 'cases of rectangles and squares whose dimensions 
are an integral number of units or fractional units, particularly halves. In 
like manner, the verification of the parallelogram , triangle , -and trapezoid 
formulas should be conducted, ' \ 
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experjjnenta referred to above 
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Note: The fractional parts of square units may <Sfe easily counted 1^ noting that 
'the diagonal of a rectangle bisects it. -See the trianf:le above in which ABD is 
half EBDA (^8) and BDC is one half of BPCD ^^Z). Therefore, ABC - - 
10 sq. in. On the other hand, ^bh ^> x U x 5 which is also 10 sq. in. The 
square HJKL furnisher a verification of the product, 2| x 2^^^ - U ♦ 2xi^ ^ |xj • i 

T: Can the number of units in area of any rectangle, square, etc. be 
^ counted in this way? Have we made any deliberate restriction in 
the choice of lengths for the sides of our figures? 

This is an opportunity to increase the maturity of students' understanding 
of incommensurable line segments. Tell them that up to now in this lesson 
they have been assuming that the length of a line segment is always y 
rational, that is, can be expressed as a ratio of two integers, like 6^, 

which is Recall that the lengths might be irrational numbers like . 

Students may think that taking a small enough unit will permit us to 
express the dimensions of any figure as integral multiples of that uiiit. 
However, this is not always possible. In such a case we" say the two^ 
lengths are incomrnensurg-ble. For example, if the side of a square is 
1", its diagonal is /2"; the side and diagonal are incommensurable. We^ 
could draw a rectangle whose length is /2" and whose width is 1". Even 
if both dimensions are irrational, such as v/^Tand /3 y it is not always 
possible to find a unit to permit us to express each of the dimensions 
in terms of it, ' • - 



Therefore, if our theory of areas is to cover every case, including the 
incommensurable, we "must base it on at least one proposition which is 
postulated. Ask the class whether they should postulate all five inductive 
-propo^ititms". Did it "seem as if, in our counting, any one of them might 
have been u3ed as a basis for deriving all the others? Guide the students 
into selecting and listing the postulate, "The area of a rectangle is the 
product of its length and width." ' ^ . * • " 
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Note to teacher : T> ^ same difficulty arises In the postulate, "The line 
parallel to one s' ^e . of a triangle divides the other two sides pro- 
portionally." If area is taught before similarity, that postulate would 
be deducible fr^^ i the area sequence, thus reducing two complicated 
assumptions to ne. S.M.S.G. has proposed this approach. 

Lessons 3, L and 5 '•^ 

AJbn: to develop an appreciation of the explanatc^rj ^ues inherent In a 
" postulational system 

to exhibit the value of deductive reasoning in discovering nev theorems 

Development ; 

Accepting the five area formulas as the result of experimentail verification, 
the class is now ready to consider the problem of arranging them in logical 
order. ( 

The following interchange between teacher and students illustrates how these 
five propositions may be arranged in a logical order, that is, in such an 
order that one may be deduced from "preceding ones. 

Teachers Let us consider squares and rectangles. Which is the superset and 

which is the subset 
Student: Squares form a subset of rectangles. * 
Teacher: Will formulas for rectangles be valid for squares or will fornnilas 

for squares be valid for rectangles? 

c 

student: Formulas for rectangles will be valid for squares since all squacres 

are also rectangl.es. 
Teacher: Which of these ared formulas should appear first then? 
Student: The formula for rectangles because it will then be possible to 

deduce the formula for squares from it. 
Teacher: Now let us consider thfe area propositions for triangles and tTapezoids. 

Which one would you deduce first? 
Student: .Since I can divide a trapezoid into two triangles by drawing a 

diagonal, I would prefer to have the area proposition for triangles 

first. 

Teacher: Let us now consider a rectangle and a parallelogram. Which should 
' appear first in our logical order? 

Note: The answer to .this, last question i^^not too obvious and the teacher may 
expect a lively discussion in vrtiich some of the'se points will be made: 

It was easier to count the squares in a rectangle. Therefore, the rectangle 
^ should come first. 

The rectangle is a more common shape. Tlierefore, it should come first* 

The rectangle is a subset of parallelograms. Tlierefore, the^^^allelograa 
should come first* 



I 



The teacher rrvay now say that it is possible to make the deduction in either 
order. This order will depend upon our choice of a postulate*. It seems more 
st^sfying to start with the rectangle area proposition as the postulate, since 
it iseems to be -taking less for p:rantedt (This conforms to the^aesthetlc Inpulsa 
to assume as little as possiW - 

Teacher; We have now agreed that in cur logical order the area proposition 
for rectAngles precedes those for squares and parallelograms. 
Similarly, the area prdposition for triangles precedes that for trape- 
zoid. Does this now give us a complete ordering? 

Student; No, We don't know whether to have triangles before or after 
parallelograms or rectangles. 

Teacher: May we deduce the area of a triangle easily from that of a parallel- 
ogram? Teacher draws the figure at the 
right on the blackboard, 



Student; Yes. The triangle is half o^ the 

parallelogram. \ 
Teacher: How should Vt^ arrange Jur four, formulas 

in order^ omitting the square? \ 
Student: Rectangle, parallelogram, triangle, trapezoid. 




There should be very little difficulty in develcqping the formal deductive proofs, 
except possibly for the parallelogram. This may be facilitated Iqr the use of 
a p^er model of a parallelogram fromwhich the teacher cuts fright triangle from 
one end and moves it to the other end to form a rectangle ^^nliii^ * • 

Have the students consider the corollaries of the triangle area theorem. The 
formula for the equilateral triangle may be deduced. Have the students discuss 
the fact that the discovery of this fondila by counting squares presents serious 
difficulties sines v3 is irrational. The same difficulties will be found in the - 
problem of discovering the fonnila for the area of a circle. This p^nts up tlie 
advantage of deduction orsr experimentation in certain situations* lib also 
demonstrates the predicSRjf value of postulatlonal thinking. The js&V discussion 



may be undertaken in pro^iglng by deduction the f o"! 

Have the students consider the trapezoid formula 
generalization of other fonmilas by letting the up 
lower base (parallelo'gram) or shrinking to a point' 



In assigning homeWbrk problems, the teacher should ini 
concerning' areas. {Ifi classes where enrichment materi 
topic of centroids and area transformations may be suitable^ 




1/2 ab 

it may 
fse become 
gle). 




viewed as a 
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Lessons 6 and 7 



Aim : To develop skill in the use of the area formulas. 

To use trigonometric ratios in finding are^s. . ^ 

To use .coordiiiates in finding areas. 

Develoment : - * ^ ^ 

Have the students use the area theorems to calcxilate the areas of 

figures for which the form^-ila' data are given directly. Next, include 

problems in which the data are insufficient, irrelevant or overabundant. 

The students may be asked to find the areas in such problems as the, ^ 

following: 

In parallelogram A3CD, AC • 10" and AD • 5".' 
In triangle ABC, AC ■ 12" and the altitude on AB equals 10". 
,In trapezoid ABCD, (AB tl DC), AB *^10", BC • 8", and CD - 7". 
In triangle ABC, AC - 10*, AB ■ 9*, and the altitude on AB equals 9"# 
In trapezoid ABCD (AB l| CD), ADXAB, AB • 10", BC - 6", CD - 7", mi DA - $"• 

The set of problems mi^t also include finding aroas of figures that can be 
dissected into rectangles, squares, parallelograms, triangles, and trapezoids. 

Th% set of problems should also include some in which information is given that 
will help the student deduce needed formula data. 

Find the area of a rectangle if its length is 12" and its diagonal Is 13". 
Find the area of ABC if /A ■ 30^ and the lengths of the included sides are 
12" and l6". 

Find the area of the isosceles trapezoid vhose base angles are 1^5^ and the 
bases are 8" and 20". 

The set of prdblems should also include some that depend on algebraic techniques. 

The area of a square is equal to that of a rectangle Whose width is 3 units ^ 
more than the side of the square, and whose length is 2 units less thta the 
side of the square. Find the length of ' a slcle of the square. 

Prove that if the length of a square is increased one tinlt, and its 
width is decreased by one unit, the rectangle thus fonned will have one 
square xinit less th^ that of the square. 

Have students consider area problems involving trigoriometric ratios. 
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Suggested exercises invol^ring coordinates: 

!• Plot A(.l,7)," B(8,6), C(2,9) .and find the area of AiBC. 

This type of exercise has proved useful in showing that the altitude mxst 
be perpendicular to the base. Students will finally suggest either of 
the two methods shcvn below. They should develop both methods. 
^ T . 

- Acceptable student answer (type 1) 4 - ^^-'^-^ 

I 

Draw lines through vertices forming 
^ rectangle I^FSD. 

Area « Area - /Area Area ^ Area 



V 



ABC 



EPBD 



ACE 



CFB 



■9x3-(|x3x'2 ♦1x6x3-^^x9x1) 

- 27 - (3 ♦ 9 ♦ h-l) 
-27-161 

- 10| 



icceptable student answer (type 2) 
Drop perpendiculars 'to the X-Axis. 



Area 



• Area 



+ Area 



- Area 



ABC 



ACSR 



CRTS 




- i X 3(7^+ 9) ♦ I X 6(9 ♦ 6) - i X 9(7^ 6) 
-|x3xl6 + |x6xl5-*x'9xl^ I 

, . - 69 - 58i 

- 10^ 

2. Plot A(-3,2), B(5,-2), C(9,3), D(l,7.). Why is ABCD. a parallelogram? Find 
its area* 

♦ 

3. Triangles are drawn, two of whose veVtices are (0,0) and(a,0). How does 
their ai^a rnry as: 

a. the third vertex moves on the line y * P . • I 
W the third vertex moves on the l^ne x • k ^ 

U. Consider triangle A(0,0), B(a,0), C(b,c). How is the area affected: 

a. if a is doubled, and b and c remain constant 

b. If b is doubled, and a and c remain constant 

c. if a*and c are doubled, but b remains constant 

Find the arrfa under tpe graph of equation y » 2x * 7 and above the X--Axis 
from X • 0 to X • 8. (optional) 
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Aim : to develop the theorem concerned with uie ratio of areas of aiinilar triangl 



Development > ' 

This lesson may be introduced with the story of a manufacturer who had a govem- 
mnt order to stamp out a metal plat^ in the shape bf a triangle; Th<9 price 
per plate was set at $2« After a time^ the government asked for a larger plate 
of the same thickness in which each side was doubled and asked for a new price* 
The manufacturer suggested $U per plate* Soon the manufacturer oecame aware 
that he was losing money* He called in a mathematician who informed him that he 
was using more than twice as much metal for each plateJ .How many titles as much 
Mtal was he now using for each plate? 

i * 

A sinqple illustration will elicit the 
answer that the triangular plate is 
fotir times as large as the original* 
Triplifi£Lthe side should result in a 
triangl^^at is 9 times as large* Stu- 
dents are^ii^ ready for the generaliza- 
tion ^d the deduction may be done in- 
formally. 




\ z 




Exercises should include those in which sides or ratio of sides are given and 
areas or ratios of areas are to be found. Also, the ^ areas or ratio of areas 
should be given and the sides or ratio of sidesj^j^Hpld be fovind* 




It would be valuable for students to realize that!lthe ratio of the squares of 
two numbers is the same as the square of their ratio* 



Thus, instead of working with ^ ^we may -work with ^ or ^ 



k 

9 



Surprisingly, mani' students, think that squaring the i.omerator and denominator 
of a fraction leaves its value unchanged! This shows the danger of teacher 
generalizations like> "Wiat you do to the numerator of a fraction, you must 
do to the denominator*" * * 



^ 



UNIT TEST r 



AREAS • ■ / ' •>r"^ 



!• Arrange the area definitions and propositions in their logical oi^der stmting 
which is definition, postulate or theorem. ^ 

(. 



2. Deduce that the area of a trapezoid is equal to the product of om haLf its^ 
height and the s\uh of it? baises* 



3. Find the area of the following whose vertices are: 

a. Triangle ABC, A - (0,0), B - (3,1|), C - (8,1), A 

A8CD, A - (3,1), B - (7.1). C - (5,1*), D • (1,1)' 
c; ABCD, A - (.2,3), B - (1,3), C - (-3,-1), D - (U,.l) 

\\. In parallelogram ABCD, [k -/50^, AB - 12", AC • 20" 

a. find the length of the altitude, from B to AC to the nearest tenth of an 
inch , . ^ f 

b. find the area of ABCD to the nearest square inch, 

^. ABCD is a trapezoid 
with AB II DC 

a. Deduce A ADC -ZliBDC 1 
b«' Deduce A AED - A BBC 

6. If AABC AA'B'C and AB - 6", A'B* - 9«, 
and area of AABC - 36 sq, in., find the ^ 
area ofAA'B'C". ) ' \^ 




\ 
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AJm: To develop the formula 
To develop the fofmula 

Develonnent ; 




POLYGONS AND CIRCLES 



svun of interior angles of any polygon, 
le sum of the -exterior angles 



5fe 



Have students draw polygons bf^ 3,4, 5, • -.n .sides. Challenge them to suggest 
ways of figuring out the sum of the^ angles and tabulate the results. Students 
niay suggest selecting a point within the- polygon and connecting it to each 
vertex, thus forming n triangles the sum of whose ajigles is 360*^ more than 
the siam of the angles of the polygon. Other students may suggest drawing 
diagonals. This group will discover the disadvantage of criss-crossing 
diagonals and will improve their procedure by limiting the diagonals to 
those coming from a single vertex. Each side of the polygon, with the 
exception of the two meej^ing at the single vertex, now "becomes the base 
of a A . The students should then be able to make the deduction which 
generalizes these results. 

Apply the generalizations to exercises including the special cases of 
equTangiLLar polygons and their special formulas-^. 

.When we discovered that the sum of the angles of (for instance) a decagon 
is IMO^, were we able to detemine the number of degree^ in each angle? 
Could we determine the number of degrees in each angle ir'<iWe knew tl^iat 
all the angles were equal?/ Students often believe that an equiangular 
polygon is equilateral or that^^ equilateral polygon is equiangular. 

Show that a polygon could b<! equiangular without being equilateral (square 
vs, rectangle) or that it ccu^d be equilateral without being eqxiiangular 
(square vs. rhomt)us). Convince pupils, that this is also true of such 
polygons as hexagons by diagra;ns such as the following: 
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Define a regular polygon and ask Which' is the regular triangle and 
regular quadrilateral. Note the frequency of the regular jx)lygon in 
design - rose windows, tiles. Ask why)nuts are more often he^iSigonal 
than square. ' ■ ^ 

Compute each angle of the varLgus regular polygons. Note that each angle 
of ' an equiangular hexagon is alwaj^s 120°. Is each angle of an equiangular 
octagon more or less than 120°? Ot an equiangular decagon? Calculate 
the exterior angle for each of the above* Students will note. that aa 
the number of^ sides of an "equiangular polygon^Anti-ease's, each interior 
angle increanses and each exterior angle decr^ses* Now consider the 
sum of the angles again • Obviously the 3\m ot the interior angles / 
for any polygon increases as the number of sio^s increases. Does the 
sum of the e3<!terior angles decrease? Deduce the surprising, fact that 
the sum of the exterior angles is, constant This will excite the 
imagination as students envision more and nSre sides, therefore more 
apd more exterior angles with a constant sum* 



LESSON 2 

Alitt i to develop ideas concerned vi.th sinilar polygons ' 
DevelopmeDt t 

Have the student a reViev the definition of ainilar figures t 

equality of corresponding angles 
equality tof ratios of corresponding sides 

The class should -then investigate the follcwingt 

Are any two squares similar? ^ Are any two rectangles sladlar? 

Are an^ two rhombuses similar? Are any two equiangular pentagons slailarf 

Are any two regular pentagons similiur? 

Have the' students start with one side and construct a quadrilateral similar to 
a given" quadrilateral. This should lead to the theorem; 

•If two polygons can be divided into pairs of similar triangles similarly 
placed, then the polygons are similar. , . . * 

The converse of the above theorem should also be considered. 
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LESSON 3 . 

Aim : to study the construction relationships between circle and regular polygon 

Development ; ' 

Have the studen^ts give some exaiiples of the frequent occ\irrence of regular 
polygons and circles in design and industry. 

Experiment: Inscribe a square in a circle. 

The outcome of the experiment and the discussion nnnceming it should lead to the 
theorem: ^ ' 

Regxilar polygons of n sides may be inscribed in a given circle if the circl^ 
can be divided into n equal arcs. ^ 

Have the students consider the problem of inscribing regular polygons of 
8, 16, ^ijjl^.. sides. 

The problem' of inscribing a regular hexagon should be related to %he fact that' a 
regular hexagon has 6 equilateral triangles meeting at the center. The problen 
of inscribing regular polygons of 3, 12, 2h., .sides should then be considered. 

The problem of circumscribing a regular polygon of n sides about a given circle 
should be related to the basic problem of dividing a circle into n equal parts. 
It will be necessary to review the construction of a tangent to a circle at a 
point on the circle* 

** 

LESSON h 

' ^ ■ 

Aim : to deduce that a circle can be circumscribed about (or inscribed in) aiiy 
re gular> polygon ' 
to introduce the concepts of center, radius, apothem, and centi*ai angle 
of a regular polygon 

Development : 'J * ' . ^ • ^ 

Have the students ;re view the circumscription of a triangle and then co^aldfer 

the cases of a rectangle and ^ rhombus. A discussion of these will lead 

quickly to <he need for locating the center of the perpendicular bl^ftctors of 

the sides of polygon. ' . ^ I ' 

\ ' ' • ' 

The following discussion irtay now take place: ■ / 

Teacher: Consider a regular p61ygon of ^ indefinite number of sides. If 
the polygon has a center of a circumscribing circle, how can we 
locate it? ^ -> 

Student: Construct the perpendi«\ilar bisectors of two adjajcent sides. The 
point where the bisectors meet should be « the center. 

Teacher: What would be t-he radius of the circle? 

Student: The distance between the point of intersection and a vertex. 
Teacher? How do we know that the distance from the point of intersection to 
any vertex will be the same? 

*" 

A discussion of the teacher's last question . should Tead to the theorem: 

A circle can be circumscribed about, or inscribed in, any regular polygon. 
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The center of the regular polygon can now be defined as the center of the circum- 
scribed (or inscribed) circle. The radius., apothem, and central angle of a 

regular polygon may now be defin ed. The students should note that a rtgtilar 

polygon of n sides has exactly n radii, n apothems, and n central angles. 

Have the students discover that the radius of a regular polygon bisects its 
angle, and the apothem bisects the side and central angle. 

Have the stude^s do exercises in which the length of '^a side of a regular 
polygon (3, U, or 6 sides) is given and the radius, apothem, and central angle 
are to be found* * 

LESSON 5; - . \ • 

Alm s to consider more difficult exercises involving side, radius, apothem, and 

central angle of a regular polygon ^ y 
/ to deduce that the area of a ^regular polygon is equal to one half the ^ 
product of ^ts perimeter and its apothem I 
to relate the »area of a regular polygon to ^he area sequence 

Development ; / . ' 
' ) 0- 

Have the studeht-s consider exercises' involving regular polygons in which the radius 
or the apothem, or the side, or the perimeter is given in addition to the* number 
of sides of the polygon. They should have practice in deducing the number of 
degrees in each an^le of the right triangle formed by a radius, adjacent apothem, 
and 3 id* of the polygon. ^ 

Suggested, exercises: 

1. The radius of a regular decagon is 10. Find, IJhe apothem, side, and perimeter. 

2. The apothem of a regular octagon is 20. Find the radius, side, and perimeter. 



3. The perimeter of a pentagon is 100. Flrfd the area of the isosceles triangle 
" formed by two adjacent radii. Find the area'of the pentagon. 

The la^t exereise may serve as the basis for the deve^lopment^f the deduction 
of the area theorem for^a regular polygon. This should be a formal deduction^ 
since the theorem may be called forv-on tha. Regents examination. 

Students •should review t)ft area sequence' (postulate area of rectangle; theorem 
area of avyparallelogram; theorem - area of a triangle) and notice .that £he area* 
of A regu^Jefir polygon- theorem follows th4t of the area of ' a triangle theorem. 

assignment should include the problem of finding the yratio of the perimeter 
of a regular polygon to twice the radius. If the numberr of sides of the regular 
polygon is n and. the radius is r., assign the problems so that the students in 
each row have the same, value of n and different value^ of r. For exanple, the 
students In the first row will take regular hexagons, and the first student will 
take r • 1, the second student will take r - 2, and so on. The students in the 
second row will take n - 12, those in the t^ird row will take n - 2U, and so on. 
Have one row take n ■ I80, since this is the largest number of sides one could 
take witt^out Involving an angle le^s than l^(note that, our trigonometry 
tables pemit entries to nearest degree onlyj. 
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LESSON 6 

Aim : to develop the ratio (TT) of the circumference of any circle to its diameter 
to Hevelop an appreciation of the natiire of TT./ /\ 
' to postulate that whatever is time 6f a regular polygon, and which does not 
depend upon the number of sides of the polygon, is also true. of/ the circle 
to find circumferences and lengths of arcs 

Development : 

The lesson may begin with reports of th^, results of the homework exercises, Thle 
students In each row will discover, that the ratio of the perimeter to twice the 
i^adius is the same as long^as the number of sides is the same. They will 
conclude that the ratio is constant for any given n. This may be deduced in- 
formally. 

The circle may now be introduced as the limiting shape of a regular polygon as 
the number of sides increases. Hence, we postulate that: 

Whatever is true of a regular polygon, and which does not depend upon the 
numbef of sides of the polygon, is also, true of the circle. 

An application of the postulate gives us C]^ d^ 

^ C2 dj 

This implies that "^-Thfi student should be led to realize that 

— ■ — • 

this prppositibn means thkt the ratio of the circumference of any circle to its 
diameter is the same or constant. Have the students refer again to their 
homework results: ^ o 

Teacher: How can we arrive at an approjcirration of this constant value for ^? 
Student: We can arrive at the approximation by observing the constants 

for n = 6, 12, ... 180. 
Teacher: Which of these would be best for our purpose? 

Student : 'The. case in which we have the largest possible nvunber cf sides. 

T^ince the ratio of the circumference of any circle to its diameter \$ ^ 
a constant, we give that constant a name. We have.no numeral to designate 
. this number, therefore we choose the symbol lY for it. TT, the Greek^letter . 

"p", was chosen in the 18th century because it is the initial letter of 
^ "periphery, " the word then used to designate the circumf erence» 

Thus, Tr= - so that c = ?td, (orc = 27Tr). ' 

Students' may be confused into thfi^ng 7f is rational because it is defined 
as the ratio Jlie fact is that c and d cannot both be integers. Give 
exercises like, "If tjie circumference of a circle is 10, find the radius." 

^ Contrasting this with, "If the radius is 10, find the circumferenc^, " 

I will clirify this pqj.nt. ^ 
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The value of the ratio for n • l80 la reported as 3.1$. The teacher may offer 
.the-^ information that for n - 200, the ratio - 3.11il2, The first good approximation 
of the value of the ratio was found by Archimedea, He found its value to lie 
between 3 1/7 and 3 10/71* 

The value of the ratio cannot be expressed as a ratio of integers. The ratio 
is designated by the symbol TT and is considered to be an irrational number, 
^^3^ g -TT and C- 2irr/ 

Have the students use this in finding circumferences and length of such 
arcs as 180^, 900, US'", 60^, and 30^. An5wers,for the most part, should 
be left in terms ofTT, Students should estimate answers using 3 for«; 

^ Lessc^n 7 ^ , 

Aim : To deduce the area of a circle (h = T/r^) 
To trace back tbe^area sequence. 

■ N 

Development ? * - 



Have the students consider a regular polygon inscribed in a circle. As the number 
of sides of the polygon increases, it assumes more and more the shs^ of the 
circle. 1*he students should realize that (l) the apothem Increases and approaches 
tHe radius of the circle as a limit and (2) the perimetei* increases and approaches 
the circumference as a limit. Therefore, the formula for the area of a regular 
polygon (A ■ |ap) becomes foi; the circle A-JrC or^2-!Tr" rrr^. 

Suggested exercises: 

1. The area of a circle is 2511 , Find the radius and circumference. 

2. The circumference, of a circle is IUtt • Find the radius and area. 



Teacher: What was the original postulate of 6ur area sequence? 

This question will spark a reexamination of the entire area sequence ending with 
the area of the circle. 



0 
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Leeson 8 



Aim ; To find areas of sectors and segments. 

To solve area problems involving composite figures 



DeveloiJnent : 



Lt^i 




Tell the class that tT^^ -cirea of such a piece of 
a circle as the shaded portion of the diagram 
arises in pi^oblems involving pipes or horizontal 
tankf> partially filled with water. ' Challenge 
them to suggest how to find such an area. 

Students will suggest drawing t?he radii, and this suggestion should lead 
to definitions for both sectors and segments. 

Compare the area of the sector as a fractional part of the circle to 
the corresponding noti4)n of the length of an arc as a fractional part 
of the circurof erenc^'^of the circle. 

Discourage memorization of unnecessary formulas. The ai*ea of a minor 
segment should be attacked each time it is met as the area of a sector 
minus that of a triangle, Note that the gab sin C method is usually the 
shortest method for getting the area of the triangle in this context. 

UNIT TEST 

REGULAR POLYGONS and CIRCLES 



1, State, tha theorems, in order, leading from the postulate, **Tlie area of a 
rectangle is ti\e product of its base and altitude,**- in the sequence vhifih 
concludes with the deduced theorem, '♦The ^Jpea of a circle is f the product 
of its circumference and radius,"''''^^^'^^ - . 

2, A regular decagon is inscribed in a circle of radius U inches, 

a. Find the apothem of the depagon, ■ ^ 

. ' b, Fiod the side of the decagon, 

c. Find the perimeter of the decagon, 

d. Find the ttrea of the decagon. 



•3, Find Ihe nuT!ttj^ of degrees in the central angle of a sectoi^ whose length 
of arc is 3 ^ ilT"'>>*circle whose radius is 6, 

h. The area of a circle is hO square inches. Find the area of a circle whose 
radius is 3 tim<^s as large, 

$. Find the area of a segment whose chord is 8 inches long and whose arc 
contains 120^. 

6, A regular pentagon is cut out of a circular piece of sheet metal whose rrdius 
is 6 inches. How many iquare inches of metal are wasted? 
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LOCUS EXTEWDED 



LESSON 1 

" ^ 

%Alm ! to review the idea of rocrus 

* to review two locus theorems \ 
to deduce that the locus of points equidistant from two given parallel 
lines is a line parallel and midway oetween the two given lini'»a 
to apply locus theorems to exercises 

Development ; 



Have the students plot the locus of points satisfying x ■ 5. Have them also plot 
the locus of points satisfying x ■ -1, What does locus mean? The students will 
recall the definition of locus as the set of points satisfying a given condition. 

The students should recall the two locus theorems previously listed: 

) 

The locus of points within an angle and equidistant from the sides of the angle 
is the bisector of that angle, ' 

' The locus of points equidistant from two given points is the perpendicular 
bisector of the line segment joining the two points. 

What is the locus of the points equidistant from'x ■ 5 and x ■ -1? The locus is 
a line paraTlel to x « 5 and x * -1 and midway between them, namely x ■ 2, (ReviefW 
midpoint fonnula.) ' ^ 

Have the students recall that a locus theorem is a combination of a subsidiary 
theorem and its convers^^. The subsidiary- theorem and its converse 
which arise from the class exercise ara: 

Ever^' point or tie line x ■ 2 is equidistant from x ■ ^ and x ■ l| a 

point is equidistant from x ■ 5 and x ■ -1, it lies on the line x ■ 2, 

Have the students state the locus theorem of points equidistant from two parallel 
lines, without the use of coordinate geometry, and add it to their list of locua 
theorems. 
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Suggested exeix^i&asi 

The students should be led to discover loci propositions by makinp several 
colored dots to represent members of the required set of points. 

!• Teacher: What \is the locus of the ppiris h units from the origin? 
Student: It see^ns to be a circle of radius h with center at (0,0). 

Enrichment: Teach the algebraic technique of letting (x,y) be any point on 
tue locus. Derive the equation of the iTocus. For exaznple, let lx,y) be 
any point four units from (0,0), X 



Distance fohrmulaj 



Jx^ ^ y2 - h 



+ y^ - i6 " ^ 

What .would this locus^ be if the discussion were concerned with space rather 
than with the plane? 

2« How many points are four units from the origin and also equidistant from 
X • 5 and X " -17 / 

3» Locate all points "d" units from a given point A and eq\iidistant from two 
parallel lines m and s« Discuss all possible solution sets. 

LESSON 2 ' . ^ . 

^ «* 
Aim : to investigate other locus theorems 

to practice a technique for handling any locus problem 

Development : ■ 

" ■ i", 

Have the students consider a problem such as the following: " 

We wish to locate campsites two miles from the straight road m, and ten miles 
from the town S on road ra. How many such carrpsites are there? 

What new locus theorem is neediad for the first requirement - the cairpsites are 
to be two mil^s from the road? The students should be led to see that the locus 
of points a given distance from a given line is two lines parallel to- the given 
line and the given distance from it. . 

What locus theorem is needed for the second requirement - the campsites are 
ten miles from the town S? *How many points satisfy both conditions? 

Bnrichiuentt What would the locus be if the discussion were in space instead of in 
the plane? 

Suggested exercises: 

/ 

1« Have the^ students apply the locus theorem of points a given distance from a 

given line to coordinate geometry. For example, write the equation of the 

locus of points two units from y » 7. The students will see that the result 

» 

/ 



r 



\ 

\ 



I 



is two lines, ^ = 9 and y = 5> because neither equation alon^ contains all 
the members of the required set. . . V 

2. Investigate other loci by the c..lored-<lot method. For eixample, find the 
locus of the points four units fr^ a circle of radius seven. What woiald 
the locus be if the discussion were in space? 

Note ; &icourage students to sketch solutions involving several loci 
by keeping the given. facts in ink and each locus in a different color. 

3« Enrichment: ' . ■ 

a. Derive the equation of the locus of the points 4 lanits from (2,3)* 

b. Show that the equation of the locus of all points whose distance from 
(2,3) equals their distance from y = -1 is in the form y = ax^ + hx + cl 
Use colored dots and sketch the locus. Ihis locus, a parabola, is 

very important in reflectors and telescopes. 

Lesson 3 . . 

Aim : To apply locus theorems to the problems of circumscribing a circle about 
a triangle and inscribing a circle within a triangle. 

Develoment ; 

Have the students draw any triangle ABC and cons i}er the problem of circum- 
scribing a^ circle around ABC. 

The question will arise as to where is the center of the circle. This will 
lead the students to recall the method of finding the center of a broken 
wheel. They will agree that two loci are sufficient to locate the point 
which is equidistant from all three vertices. Deduce this orally using th^ 
locus of points equidistant from two given points. Complete the construction. 

Have the students next consider the problem of drawing a circle within triangle 

ABC tangent to the sides of the triangle (sketch). We call this an inscribed circle. 

Teachers Will the inscribed circle havethe same center as the circumscribed circle? 
Student: No, The center of the inscribed circle mast be equidistant from, the 
sides. 

Student: .Then it musrt be the intersection of the angle bisectors* 

/"^^ Note I Have students recall the locus theorem of points within an angle 
\equidistant from the sides. 
Teacher: When we know the center, what else must we know in order to construct ' 
the circle? 

Student: We need the radius. It is the distance from the center to a side. 
Teacher: What construction must we make in order to find this distance? 
Student: Drop a perpendicular from the center to a side. 




\ 
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Have the claas complete the constructions. Have them consider: 

When will the circumcenter and incenter cpincide? ^ 
When will the circumcenter be in, on, or outside the triangle? 

Enrichment: Find the coordinates of the circumcenter of triangle A (2,1), B (5,7), 
C (7,6). Deduce what kind of triangle it is from your result. 

Given isosceJes right triangle with hypotenuse 5>/2"» Find the inradius* 



UNIT TEST 
LOCUS iixTEIfDED 



1. Locate by construction all points 3 units from a given point P and equidis- 
tant from two parallel lines iT the lines are 1 \mit apart and P lies on one 

. of the lines. 

2. Derive the equation of the focus of all points 5 units from (0,0) and draw it. 

Quote a locus theorem, and the subsidiary theorem and converse of which it 
is made up, * 

km Show by construction in a scalane triangle that the circumcenter and incenter 
are two different points. Discuss special cases. 



1 
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INEQUALITIES 



Lesson 1 

Axm:' To learn how to form the inverse of an if-then statement^ 

To recognize that a statement neejd not have the same truth value as its inverse. 
To compare the inverse and the converse of a statement. . 
^ To learn how to' form tne contrapositive of an if-tihen statement. 

To x^ecognize that a statement ahd its contrapositive have* the same truth 
value. ^ 

To introduce inequalities by forming the inverse and contrapositive vi)f 
statements of equality. 

» 

Develorment :/ 

The topic may be introduced by asking, "How can we form new propositions from 
known propositions?" ^ 

Have the students recall how to foiiD the converse of an if-then statement. 
Have them ai^ly' it to, "If two angles are right angles, then the two angles ar 
equal." - ' » 

They should recall thai converses are introduced to helj) formulate new statements 
which are to be tested as possible theorems. They should be<^ed once again, 
by means of real-life and geometric examples, to realize that "argxiing from the 
converse" is a type of fallacious reasoning, since a statement need not have the 
same truth value as its converse. 

Show the class that another transformation of an if-then statement is the inverse 
of the statement. The inverse is formed by replacing both the hypothesis and 
•'the conclusion by their negations. The result is a new statement to be tested 
as a possible theorem. The inverse of the above statement about angles is, 
"If two angles are not right angles, they are not equal." This is a stat«nent 
of inequality and it happens to be false. ^ ^ 

Have the students consider a few more inverses of theorems and ascertain their 
truth, values. Include real life statements as well as geometric stat«nents, 
for example: "If you are a citizen, then you may vote," and "If you live in 
, New York City, then you live in the United States." Have the students conclude 
that "arguing from the inverse" is anpther type of fallacious argment. 

Re-emphasize the fact that Just as each time that a proposition was discovered 
by experimentation its truth had to be es-toablished by deduction, so also each * 
time a proposition is formulated as g." converse or as an inverse of a given 
statement, the truth of the resulting, statement must also be established* 

Now pose the question of formulating the inverse of the converse of a given 
if-then statement. Use the examples previously considered, as well as new 
examples, and have the students compare the truth values. Using, "If A, 
then B", show .that the converse of the inverse is the same as the inverse of 
the converse. This .statOTent, If not -B, then not A, is called the contrapositive 
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of If A, then B. Elicit the generalization: an if-then statement and its 
contrapositive have the same truth, values. 

An additional result, if desired, is the generalization: the converee and the 
inverse of an if-then statement have the same truth values -'that is, they are 
either both true or both false . 

Make the presentation of these logical notions'as concrete as'^possible by the 
use of many illustrations and by giving much practice^ In particular, if 
statements of equality are used, the new 'propositions formed as inverses or 
contra positives will deal- with inequalities. For example: "If two sides of 
a triangle are equal, then the two angles opposite these sides are equal"; 
"In a circle, if twt chords are equal, then their arcs are equal"; and so on. 
Note also that sach\tatements of inequality can be made more precise by 
introducing the notion of "greater than" or "less than". This will be done 
in later -lessons. 



The complete discussion may be simjnarized in the following tabulation^ in \*iich 
the truth values "True" and "PSalse" are symbolized respectively by /T" and "F"# 






Statement 


Converse 


Inverse 


Contrapositive 


Logical 
Form 


If P, 

then q 


If q, 
then p 


If not p, 
then not q 


If not q, 
then not p 


Set of 
Possible 
Truth 
Values 




T 


T 


T 


T 


F 


P 


T 


F 


T 


T 


F 




F 


F 


F 



An alternative way to represent these logical interrelationships is the follow- 
ing diagram. 



Statement 




Inverse 



^ Contrapositive 



A l?etter Class nay consider, as enrichment, the formation of partial inverses 
of an if-then statement. For example, "If a line passes through the center of 
a circle and is perpendicular to a chord, then the line bisects the choxxi" 
has the partial inverses: "If a line does not pass through the center of a 
circle, then the line is not the perpendicular bisector of a chord, " and "If 
a line is not perpendicular to a chord, then the line does not pass through 
both the center of the circle and the midpoint of the chord," 
t 

Lesson 2 

Aim : To review the meaning and notation of the inequality relations symbolized by 
^ , and< • 

To begin listing inequality postulates as a step in the development of 
another miniature postiolational system, " 
To elicit the postulates: ^ 
for any two quantities, either the. first is greater than the second, 
or e'ifidajhe first is equaltothe second, or. else the first is less 
than the second 

the whole is greater than any of its parts 

in any statement of inequality a quantity may be replaced by its equal 
if the ffrst of three quantities is greater than ti^BBecond, and the 
second is grpAtftr than the third, th*^n the first is^^^eater than the third. 

Ta deduce and apply the theorem: 

an exteriof* angle of a triangle is greater than either nonadjacent in- 
terior angle. 

Deve lopment : 

Pose the problem, "How does an exterior angle of a tirLangle comprre in size with 
an adjacent interic^r angle? with a nonadjacent (remote )interior angle?" 

One result will be the proposition, "An exterior angle of a triangle is greater 
than either nonadjacent interior angle." Ask, "How can we deduce this?" 

At this point the more alet% students nay assert that the exterior angle has 
already been shown to be equal to the sum of the two nonadjacent interior 
angles, and so must be greater than either one. Remind the class, however, 
that whenever deduction is to be used in a new ai^ea of mathematics, additional 
definitions and postulates are necessary. This is her* the case, since we are 
now going to deal with statements of inequality instead of statements of equality. 

Recall and re-emphasize the fact that eqiality of line segments or equality of 
angles means equality of the positive real numbers which are their measures 
(number of units of linear measure or number of units of angtilar measure). 

Define "a is greater than b" to mean '"there is some positive number, £, such 
that a = b + p." Illustrate this definition by using the coordinates on a line 
to show that "a is greater than b" means that the> point whose coordinate is a 
is tp the right of the point vrfiose coordinate is b." . 

Review or re-teach the notations; a'> b, a < b, a ^ b, Siow^ also how to 
read statements in >rtiich these symbols are used. In particular, emphasize 
that "a< b" is equivalent to "b> a", and that "a ft b" is equivalent to 
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"either a> b or else a< b," Illustrate these notions and notations with 
particular line segments and particxilar angled • 

Review the "trichotoxi57 property", that for ar^y two real numbers (quantities) 
a and J^, one. and only one of the following relations is true: a > b, a « b, 
a ^ b. Adopt the statement of this property as the first postulate in a list ' 
to be used for the purpose of deducing theorems about ineqxialities. 

Lead the dass to see that from the definition of "greater *han" a reasonable 
assumption is, •'•The vrtiole is greater than any of its parts." Adopt this 
statement as the second postulate in the list of ineqiiality postulates • 
Illustrate the postulate with line segments and with angles • 

Now have the students deduce the '"greater than" theorem for the exterior angle 
by using the equality theorem and the postulate that the whole is greater 
than any of its parts. 

Apply the new theorem to exercised » As this is done, the class will find that 
corresponding to the "substitution postulate" for equalities, it is usefdl also 
to have the postulate: in any statement of ineq\aality, a qxaahtity may be re- 
placed by its equal. Have the students add^^this postulate to their list. 

Another needed postulate is the "transitive property" of the "greater than" 
relation: if a.> b, and b> c, then a > o. This properHsy may be elicited 
by comparing the heights c^f three students. Have the students foxmulate a 
generalization of the transitive property and add it to the set of postulates. 

Suggested exercises: 

,1, (kvenz AB^ kd 

Deduce: /2> /l 



2. Given: AB = AC 
Deduce :2ir> /x 




3* Enrichment: Vt^thout using any dependence on the parallel postulate, deduce: 
An exterior angle of a triangle i^ greater than either remote Interior 
angle* Use the necessary assumptions of betweenness. 
Note : The theorem, "The exterior angle of a triangle Is equal to the sum 
of the two remote interior angles", is a consequence of the parallel postixlatsi 

4* Jhrichment: Deduce the '4;ransltive property" postulate from other postulates 
and the definition of "greater than"» , 
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Aim ; To. complete therjset of inequality postulates. 
To postulate: 

a smaller qxiantity may be made part of a. larger one 

if equals are added to (subtracted from) unequals, the results are' 

unequal in the same order 

if unequals are multiplied (divided) by positive equals, the results 
are unequal in the same order 

the svan of two sides of a' triangle is greater than the third side 
To deduce and apply the theorem: * 

if two sides of a triangle are unequal, then the angles opposite these 
sides are unequal, anc^ the greater angle lies opposi*rS""tI^greater side. 

Develoment : ^ . # 

Ask, "What' is the inverse of:^If two sides of a triangle are equal, then the 
angles opposite these sides are equal. Is the resulting new statement true 
or false?" Have the studenl^s make the new statement more precise by using 
"greater" to clarify "unequal". Pose the problem of deducing: "If two sides 
of a triangle are unequal, the angles opposite tMse sides are vmequal, y^nd 
the greater angle lie^ opposite the greater side.^' / 

A possible procedure is to deduce the theorem in two stages: a preliminary 
problem, and 1!Re main problem. For the preliminary problem, have the students 
consider Diagram 1 of the following diagrams, with AD » AC gjLyen* Have them 
deduce that angle y is greater than angle B, by making use oil^postulates and 
the exterior angle inequality theorem* 




Diagram 1 




Diagram 2 




Continue with the main problem, referring to ttLagram 2: if in triangle AI 
it is given that AB> AC, deduce that /C >^ /B. Make use of a point D on 
such that AD ^ AC, and then proceed as with the prellminazy problem. In order 
to be able to assert that there is such a point, we need to add to our list 
of inequality postulates: "a smaller quantity may be made part of a larger one." 

Have the class realize that in order to apply the inequality theorems effectively, 
it will be necessaiy to C9ftplete the set of ineqmlity postulates. Tiy to 
elicit from the students the inequality postulates that are analogs to the 
equality postulate^ of addition, subtraction, multiplication and division. 
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This might be done by having the students consider^ 1A> 8 

2-2 

Note that, in each of these ^postulates, the eoual quantities operate on the 
unequal quantities. Consider also the cases of inequa.lities operating on' 
equalities, especially subtraction and division, 

\ 

The students should also examine situations in which no conclusive general- 
ization can be made. For instance, if a ^ b and c < d, nothing can be said 
about the relative sizes of a + c and b + d,. 

A better class, for enrichment, might consider the ineqiality postulates for 
multiplication and division when the equality is between negative, nximbers. 
HoweTVer, such postulates are not needed for purely geometric inequalities. 

Discuss the apparent assumption about distances' made by a pedestrian who 
Jaywalks, Have'the class adopt and add to- the list of inequality postulates 
the corresponding "triangle inequality": the s\m of two sides of a triangle 
is greater than the third side. 

Have the class review and list: ways to deduce that one line segment is greater 
than another, and ways to deduce that one angle is greater than another. 

C ^ 
Suggested exercises: 

1. Given: PQ> PR 

SQ = TR 

Deduce: /2> /l 




2. Given: AB = AC 
Deduce: AB> ^BC 

3. Given:£7 ABCD " 

diagonal BD 
AB> BC 
Deduce: /y^ /x 



Note ? What does this exercise tell us about the diagonals of a parallelogram 
which is not a rtombus? 
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In Exercise 3, what can be deduced if AB < BC? ^^^j^^ 

5. If two sides of a triangle are unequal, prove that one angle of the triangle 
is greater than'^>0O. 

6. '^ Enrichment: If a > 0, does it follow that 4a )> 3a?' Suppose a <0? 
Lesion U 

Note:, While the formal treatment of the indirect proof has been defei*red until 
the unit on inequalities, informal indirect proofs, have been used earlier 
in the. guide; e.g. the theorem, "the line perpendicular to a radius at its 
outer extremity is a tangent to the circle," has been proved by the indirect 
method (See^ Lesson 7 of VII on circles). The teacher might well have introduced 
a formal treatment pf the indirect method of proof at one of, these earlier 
, points. If this is done, it is advisable to use indirect reasoning, wherever 
feasible, throiighout the year. It is a method which the students will^use 
frequently throughout higher mthematics. * 

Aim: To develop the method of elimination as an indirect method of deduction 
To postulate: ^ 

if a supposition leads Co a contradiction, then^^the supposition is false 
if all but one of all the mutually exclusive possibilities for the 
conclusion of a statement are false, then the only remining possibility 
must be true ^ ♦ 

To deduce, by the metl^od of eliminc.tion, the theorem: 

ijf two angles of a triangle are unequal, then the sides opposite these 
angles are unequal and the greater side lies opposite the greater angle 
To ^pply the method of elimination to prove original exercises. 

Develoment : ^ » . * . 

Have the class recall the theorem; "If two angles of a triangle are equal, then 
the sides opposite these angles are equal." Ask the students to form the 
inverse and investigate its truth value. . " 

Lead the students to see that the statement, "In triangle ABC, if /B /C, ^ - 
then AB AC", car; be deduced at 9nce if adopt as a postulate: "If a 
supposition leads to a contradiction, then the supposition is false." For, 
if we suppose AB = AC, this would mean /B = /C, which contradicts /B 51^ /C, 

'At this point an alert student may point out that the proof of this inequality 
theorem follows at once as the contrapositiye of a theorem on equality. 

Have the students consider the more precise statement, "In tiuangle ABC, 
if /B >/C, then AC >AB." In order to use the "contradiction postulate" to 
deduce this statement, we must make more than one supposition. To illustrate ' 
the procedure, have the students consider the case in which Joe is either at 
home, at Henry's home, or at the movies. We phoned Joe's home and learned that 
Joe is not there, ^^^e i*ioned Henry's home and learned that Joe is not there 
either. Vi/hat 'can we deduce from this infonnation? 

Discuss the difficulty of listing all the possibilities in a jSeal situation. 
Discuss the frequency of the use of this indirect method as a method of deduction 
in medical diagnosis, detective stories, and mechanical trouble shooting. 
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This type of indirect method may be called "the method of elimination," From 
the above, abstract the stmcture: 

List all the mutually exclusive possibilities for the conclusion in a 
proposition. 

Let' A, B, and C be the possibilities with A the one we are trying to deduce. 
If supposition B, then a sequence of steps follows ending in a contradiction. 
'Fherefore B is eliminated, by the "contradiction postulate". n 
If suj^position^C, then as for suppdsition B, a sequence of steps ends in a 
contradiction, and C is eliminated. \ 
Therefore A is true. ^ a reason, we need the postulate, "If all but one 
Qf all the. mutually exclu3ive possibilities for the conclusion of a statement 
are false, then the only remaining 'possibility must be truev" We may a\;)brevl- 
ate this: "Only remaining possibility," 
* * 

The following teacher-student interchange illustrates the use of this method of • 
elimination as well as aiipther possible approach** to introducing the present 
inequality theorem: 

Teacher: .Ve have deduced thig J:,heorera that iA a triangle, the grea:ter angle 

lies opposite the greater side. What is the converse pf this theorem? 
Student: In'^a triangle, the greater side lies opposite, the greater angle. 
Teacher: Decide by experimenta.tion whether the converse seems to be true, 
(Tlie studerits make triangles with vinequal aingles and measure the 
of^site sides.) 

Teacher: -fe are going to use the method o:^*'elimination to * deduce this theorem. 
What is the first step in the procedure? 

I* 

Student: List all the possibilities for the sides b and £. 
Teacher: ^.Vhat are all the possibilities in this case? 

Student: All the possibilities are: b == c, b < c, b > c. (For two qmntities, 
either the first is greater than the second, or else tlie first is 
equal to the second, or else the first fs less thalt] the second,) 
.. Teacher: VJhat should be the second step in the deduction? 

Student: Suppose b = c, then [A = [Z^ (if tv.„ sides of a triangle are equal, 
then the angles opposite them are equal,) 

Teacher: ^'^t is our next step in the deduction? 

Student: The angles are unequalj that is, > /C, (Given.) 

Teacher :jT}ieref ore, what can we say? V 

Student: The conclusion "b = c" is false, and may be eliminated, (if a 
supposition leads to a contradiction, it is false.) 

As this teacher-student interchange continues, the next possibility, b < c, is 
also shown to lead to a contradiction, and is therefore eliminated. The final 
step nay then be written in the form: b >c, (Only remaining possibility.) 

Suggested exercises: ^ . 

1. Iri triangle hBC, if AB = AC, and D i§ any point in BC, deduce that AB >AD', 

2. the method of elimination, deduce that the hypotenuse of a right triangle 

. is greater than a leg of /Che triangle. 



3. Eiirichment : Deduce the triangle inequality postulate from the other 

inequality postulates and the inequality theorems. ^ ^ 

Suggested method: 

Suppose AC is the longest side oC the triangle. 

Extend AB to D so. that BD =: BC. Then show'tlat 
^ AD>AC. A 




UNIT TEST 
^ ' INEQUAUTIES 

.1. In A ABC, Jk = 60^, /B = 650'. Name the longest side of the ^ritagle* 

2. From the two statemeijits: 8" > 5, and 3=3^ one may deduce the statement 
8 - 3 ^ 5 - 3« State the postulate that justifies the conclusion. 

3. Give a brief argument justifying the statement: '•The side opposite the 
obtuse angle in a triangle is the largest side of the triangle*" 

Diiiuce that the sum of the diagonals of a parallelogreun is less than the 
perimeter. 

'^<5. Qirichment: Deduce by a direct method: If two angles of a triangle are 

unequal, the sides opposite theSle angles are unequal and the greater side 
lies opposite the greater angle. 



XV. 

INTIGRATION OF PUNE AND SOLID GEOMETRY 



This year coursip in Tenth Year Mathematics is the development of a postu- 
lational system for two-space • The same yourse can well be taught to 
honor classes as a study of the postulational development of both two-space 
and three-space geometry. 

Suggest i<5ns for accomplishing this integration of plane and solid geometry: 

1. When studying perpendicular lines in, two-space, introduce perpendicular 
lines and planes in three space. Fpr example, in the unit on congruence, 
the class can prove: "If a line is perpendicular to each of two inter- 
secting lines at their point of intersection, it is perpendicular to 
their plane. " 

2. When studying parallel lines in two-space, introduce parallel lines and 
planes in three-space. For example, the class can prove: "Two lines 
parallel to the same line aire parallel to each other*" Contrast this 
with such false statements as "Two lines perpendicular* to the same line 
are parallel." Throughout the year, the class should decide which 
theorems in two-space hold in tlireyp-space. 

In the non-Euclidean geometry discussion, bring in the geometry on the 
surface of the sphere as a model of Riemannian geometry. 

« ' 

3. In introducing locus, extend the concept to sets of points in three-space. 
For example, the locus of points equidistant from two given points is 

the plane which is the perpendicular bisector of the line segment joining 
them. ^ ^ 

4. In quadrilaterals, we assumed -all the figures were plane. Show that a 
quadrilateral can be a^'skew figure, but that parallelograms and trapezoids 
are plane. ' - 

5. The locus definition of the circle can be extended in three-space to th^ 
sphere. Students can prove that the intersection of a sphere and a plane 
is a circle and study great circles and small circles. 

6. In coordinate geometry, introduce the one-to-one correspondence between 
points in space and triples of real numbers. Equations of planes parallel 
to the c6ordinate planes are appropriate here. 

As soon as the distance formula has been developed for two-space, it may 
be extended to three-space. Equations of cylindrical surfaces and 
spheres are easily discussed. ; 

7. After the Pythagorean Theorem and trigonometry, many numerical problems . 
with spheres arid polyhedra are easily understood. 



ERIC 



-143- 



8« In the xmit on areas, surface areas of three-dimensional figures and their 
volumes will arise. Students have studied volume formulas in grade 8« 



9« In connection with similar polygons, the relationship between the ratio of 
sides and areas can be extended to corresponding situations involving edges ; 
surfaces ^nd volumes of similar solids. Regular polygons should lead to a 
discussion of the five r^gula^jpolyhedra, 

10. With inequalities, basic inequalities in three dimensions,- such as the face 
angles of the polyhedral angl^, provide natural extensions. 
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I N D E X 



Alternate sequences, 6, 46, 6l, 65, 
67, 68, 72, 73, 74, 76 

Altitude upon hypotenuse, '96-97, 98, 

Analogy, 48 

Ar;gle 

adjacent, 
compleme nta ry, l!r,^25 
const miction - copyih^j an angle, 
27 

X - .bisecting an 

angle, 26 
definition, 11 

elevation and depression, 108 
inscribed. in semicircle, 98-99 
measurement, 75-78 
parallel lines (angles of), 37-42 

Arc d^ree, 68, 75 

Arcs, 67-68 

Area^ 

circle, 128 

congruence and equality, 115 
coordinate geometry, 120 
regular polygon, 126 
sector, 129 
segment, 129 
sequence . 116-118. 
similar figures, 121 
trigonometric ratios, 119 
unit , 114 

Betweenness, 2, 3, H 

Checking a deduction, 34-35 

Chords, 71-72 

Circle 

area, 128 

circumscribed, 125, 132 
definition, 67 

inscribed, 125, 132 * ^ 

regular polygon, 125 

, Circumference, 127-128 

Congruent triangles, 20-36, 46-51 



Converse, 41, 47, 57-58, 70, 89 

Constructions, 25-27, 33-34, 57, 58, 
70, 79, 84, 132^133 , " 

Contra positive, 134-135 

Coordinate geometry, 61-66, 73, 91-93 > 
100-105, 110-115, 120 * 

Correspondiiig parts, 22, 81 

Cosine ratio, 107-109 

Deduction, 2, 3, 7, 9-10^ 14, 15, 
30-31, 56 

Definitionai^y equivalent, 31 

Definitions, 8, 10-12, I5, 31, 52-53, 54 

Distance, 73, 100-102 

Equation of line, 65, 66 

Errors in. reasoning, 1, 10, 42, 48 

Hypothesis, 17, 27 ' 

Indirect method, 140-142 

Induction, 1, 7, 9-10, 92 

Inequalities, 134-142 

Informal proof, 4 

Irrational numbers,' 82, 97, 116-117 

Isosceles right triangle, 103 

IsQSceles trapezoid, 60 

Inverse, 134, 136 

Line segments proportionJal, 82-84 

Locus, 49-51, 70, 129-133 

Ifethematical model, 2 

Mean or average, 63, 76, 77, 92 
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Midpoint, 63, 90-91 

Parallel Unes, 37-42 

Parallelogram, -11, 52-60 

Parallel postulate, 37, 39, 40 

Perpendicular lines, 16, 33, 105, 
110-112 

Pi, 127-128 

Polygon 

regular, 123-124 

similar, 81, 130-131 

sum of exterior angles, 123-124 

sum of interior angles, 124 

Postulates, 13, 14, 23-25, 29, 37, 
40, 61, 82 

Postulational system and sequence, 
3, 13-15, 27, 39, 40, 43, 47, 
56, 69, 77, 116-118 

Products (equal), 8?, 88 
Projection, 96 

•t 

Proof, infoiiaal, 4 

Proportion, 81-33, 87, 96 

Proposition, 1 

lyt^iagorean theorem, 99-102 
converse, 104-105 , ' 

Quadrilateral, 52-60 

Quadratic equation, 98-99 

Ratio, 80 

Rays, 11 

Rectangle, 53, 55,-58, 59 
Rhombus, 11, 52, 5^, 55, 58 
Secant, 88 



Sequence, -6, 11 

Sets, 10, 50, 54, 61, 63, 67 

Similarity, 80-94 

Similar polygons, 80 

Similar triangles, 85-94 

Sine ratio, 106-109 

Slope, 110-113 

S.M.S.G., 2, 8, 11 

Solid geometry, 143-144 

Square, 52, 53, 58 

Tangent ratio, 106-107, 108, 109 

Tangents, 73-74, 79, 88 

Time allotment, 4, 6 

Theorem, 14 

Trapezoid, 52, 55, 60 

Triangles 

circumscribing a circle, 132 

congruent, 20 

def i?riitions, 1^ 

inscribing a circle, 132 

ratio of areas of similar triangles, 121 

right, 44, 48-49, 99-105 

sindlar, 85-90, 96, 121 

special right triangles, 102-103 

sum of angles, 43 , 

Trigonometry, 106-109 

Truth table, 135 . ^ 

U.I.C.S.M., 8 

Undefined terms, 8 

Validity, 1, 2 

Venn diagrams, 54 
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